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SUMMARY
Contributions of Bayesian methods to animal breeding are reviewed briefly. Emphasis is placed 
on using Gibbs sampling to arrive at marginal posterior distributions needed for making 
Bayesian inferences. Improper posteriors can occur due to improper priors employed or 
insufficient data. Caution should be exercised when improper priors are used.
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INTRODUCTION
Best linear unbiased prediction (BLUP) (Goldberger 1962; Henderson 1963, 1973) has been 
used extensively in animal breeding to predict merit of animals that are candidate for selection. 
Bulmer (1980), Goffinet (1983) and Fernando and Gianola (1986) showed that under 
multivariate normality, BLUP is the conditional mean of merit given a set of linearly 
independent error contrasts. The conditional mean maximizes expected response to selection if 
k best individuals are selected from n available candidates. The conditional inference 
interpretation of BLUP reveals its correction with Bayesian procedures.

BLUP assumes known covariance matrices. If these matrices are estimated and the estimated 
values are used in the mixed model equations (MME), the solutions to the MME are no longer 
BLUP, and ranking properties of the predictors are unknown. Resulting estimators of genetic 
and environmental trends have unknown distributional properties. Also, the assumption of 
normality is violated when data are categorical in nature (e.g., calving ease scores), or counts 
(e.g., litter size) or censored (e.g., survival data). Hence, a more general formulation is needed.

A seminal paper of Gianola and Fernando (1986) laid foundations to solve animal breeding 
problems beyond BLUE and BLUP using Bayesian methods in an unified manner. Inferences 
about parameters or functions thereof are based on their respective marginal posterior 
distributions such that uncertainty about other parameters in the model is taken into account.

Developments of Bayesian methods in animal breeding can be roughly divided into two phases: 
pre-Gibbs and Gibbs. The pre-Gibbs phase involved Bayesian model building and used 
analytical approximations to arrive at desired posterior distributions. Bayesian linear models 
were elucidated by Dempfle (1977), Gianola and Fernando (1986) and Gianola et al. (1990), 
following Lindley and Smith (1972) as points of departure. Notable contributions in threshold 
models were Gianola and Foulley (1983) and Harville and Mee (1984). Foulley et al. (1987) 
developed a Poisson model for count data, which was extended to model overdispersed count 
data by Tempelman and Gianola (1996). Mixed effects survival models were adapted in animal 
breeding by Smith and Quaas (1984), Ducrocq et al. (1988) and Ducrocq and Casella (1996).
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Models for major genes and genetic marker data were developed by Hoeschele (1988), and 
Hoeschele and VanRaden (1993a, 1993b). Difficulties in applying the theoretically appealing 
Bayesian methods were primarily numerical because integration in high dimensions is needed 
to obtain marginal posterior distributions, aside from problems in specifying prior distributions 
for unknown parameters.

While continuing model development as in the pre-Gibbs phase, characteristics of the Gibbs 
phase are mainly numerical, the objective being to obtain desired marginal posterior densities 
without analytical approximations. Markov Chain Monte Carlo (MCMC) procedures 
(Metropolis et al, 1953; Hastings 1970) and in particular Gibbs sampling (Geman and Geman 
1984; Gelfand and Smith 1990), for sampling from joint distributions provided the solution. 
Gibbs sampling coupled with Bayesian analyses has been applied to a wide range of animal 
breeding problems.

Thts paper gives a brief review of contributions of Bayesian methods to animal breeding and 
discusses issues when applying MCMC methods to solve animal breeding problems under a 
Bayesian framework.

BAYESIAN INFERENCES IN ANIMAL BREEDING
A linear model is used as a basis for discussion. Let 0'=[P’ , u’ , X ] , where p and u are 
location parameters and X are dispersion parameters. Under normal priors for P and u, and a 
proper prior (e.g., scaled inverted Wishart) for X, and assuming a normal likelihood, the joint 
posterior density of 0 is formed as:

p (p ,u ,X ly )« p (y ip ,u ,E )p (p ,u ,£ )  [j]

A Bayesian must express uncertainty about unknown parameters before data are observed in 
terms of a prior distribution, p(P, u, X ) . All unknowns are treated as random variables. This 
uncertainty is incorporated formally into the posterior density. The prior density of 0 is 
subjective, and so is the posterior density. Prior information can include personal beliefs, be 
data derived or be justified theoretically. Inferences about location parameters are based o n : '

p(P,uly) = Jx p (p ,u ,£ ly )d X  [2]
and about dispersion parameters on

p (X ly )=  Jp (P ,u ,X ly )d fk lu  [3]
P.U

The expected value of distribution [2] minimizes expected posterior loss and expected risk over 
repeated sampling under a quadratic loss function (e.g., Gianola et al, 1990), provided the prior 
is proper. Selecting individuals with ordered conditional means maximizes expected genetic 
merit in a sample having a fixed number of selected individuals (Goffinet 1983; Fernando and 
Gianola 1986). However, if improper priors are employed , the expected value of [2] only 
minimizes expected posterior loss; there might exist other estimators with lower expected risk 
over repeated sampling (Gianola et al, 1990).
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Under selection, when all information used to make selection decision is available, joint and 
marginal posterior densities constructed considering selection and non-random mating are the 
same as when selection and non-random mating are ignored. The results hold for any 
distribution, any selection type or non-random mating, and any number of generations of 
selection (Gianola and Fernando 1986; Fernando and Gianola 1990). Again, under selection, 
the expected value of [2] only minimizes expected posterior loss even with proper priors 
(Fernando and Gianola 1990). Distributional properties under repeated sampling and selection 
are unknown.

The connection between posterior means of location parameters in linear models and BLUP is 
significant. In [1], if an uniform prior is assigned to P, and assuming X is known, the expected 
value of the conditional posterior distribution [P ,u ly,X ] is identical to BLUE(p) and BLUP(u), 
under normality, (Dempfle 1977; Gianola and Fernando 1986). This not only gives a Bayesian 
interpretation of BLUP, but also points out short comings of BLUP. When X is unknown, a two 
stage procedure for predicting breeding values is adopted by first estimating X, and then using 
the estimated values in the MME. Hence, uncertainty in estimating X is ignored in predicting 
breeding values. This practice can be justified by an appropriate Bayesian argument (Gianola 
and Fernando 1986), because

p(P,uly) = Jx p(P ,u ,S y)d S  = p(P,uly,2;) [4]

where X is estimated based on p(Xl y ) . If an uniform prior is employed for X, the mode of 

p(Xly) corresponds to REML of X (Harville, 1974). Approximation [4] is good, provided X is 
well estimated. Densities [2] and [3] are always preferred for making inferences whenever 
feasible. Computing [2] and [3] requires successive integration, and these usually cannot be 
done analytically. MCMC methods draw samples from [1], and such samples can be used to 
make inferences

METROPOLIS-HASTESGS AND GIBBS SAMPLING ALGORITHMS
MCMC methods allow to draw random samples from desired posterior distributions; samples 
are then used to make inferences about parameters of interest A useful class of MCMC 
algorithms is Metropolis-Hastings (MH) algorithm with the Gibbs sampler being a special case. 
MH consists of two steps: generation and selection. MH draws a sample from a candidate 
distribution q(0) (dropping y for conciseness), and the sample drawn is accepted or rejected 
based on a random mechanism. The process is repeated indefinitely, thus creating a Markov 
chain having p(0) as its equilibrium distribution. MH works as follows. Let 0° be the value at 
the current step, 0 11+1 be the value at the next step, and 0* be a possible (proposed) value, of 0. 
Let q(0“,8*) be a transition probability function, such that: q(8",e*) = Pr[geneiatinge*i9"]. After

drawing a sample 0* from q (0 n, 0*), compute the ratio

r = r(0°,8*) = min
p(8*) g(9*,8n) 
p(8°) q(0°.0*)

1,

if p(9”)q(8",0*)>O  

otherwise

[5]
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Then, set 9n+1 = e*w ith  probability r and set e n+1 = e"with probability 1-r. In summary, the 
algorithm is,
• Draw a sample 0* from q(0 ",e*)
• Compute the ratio r  as in [5]
• Sample an u from Unifonn(0,l)
• If r > u , s e t  0 n+1 = 0 *
• Otherwise set 0 n+1 = 0 “
• Repeat.
It should be noted that p(0) needs to be specified only up to a multiplicative constant, since the 
constant cancels in the ratio calculation, a great advantage of the algorithm.

Gibbs sampling repeatedly draws samples from a set of hilly conditional densities, 
p (0 i l0_i ) , i  =  l ,2 , . . .s ,  where 0 ; is an element (or a subvector) of 6, and 0' = (0 ;’ 0_i' ) .  At 
the limit, samples drawn are from the equilibrium distribution p(6). As mentioned above, Gibbs 
sampler is a special case of MHwith p (0 i l0_i )a s  the driving densities. The ratio r under such 
a set of driving densities is always 1, i.e., there is no rejection.

This connection between the Gibbs sampler and MH is useful in at least two ways. First, in 
using Gibbs sampling, some of the fully conditional densities may not be in recognizable forms, 
MH can be used to sample from these. Second, even if all conditional densities in a Gibbs 
sampler are recognizable, the sampler has shown slow mixing properties in some problems. A 
MH step for pre-chosen parameters at pre-defmed sampling intervals may break the lag 
correlations among sequential Gibbs samples.

PRACTICAL ISSUES OF RUNNING MCMC
Convergence and convergence checking: There are two issues. For an irreducible and 
aperiodic chain, Maikov chain theory guarantees that the chain converges to its equilibrium 
distribution. A weak law of large numbers guarantees that the average of a sufficient number of 
samples drawn converges to some expectation of interest.

Practically, the first convergence issue means that sampling usually starts somewhere outside of 
the joint distribution, so a number of iterations is needed such that the sampler forgets the 
starting values and samples from the joint distribution. This period is called “bum-in”. Once 
the sampler gets inside the joint distribution, it stays there. After bum-in, a large sample can be 
drawn for computing summary statistics such that the weak law of large numbers is applicable.

How should the Gibbs chains be run? There is some debate, but a general consensus seems to be 
emerging (Cowles and Carlin 1996). The multiple short chain method of Gelfand and Smith
(1990) is too wasteful and less favored; the single long chain method advocated by Geyer
(1992) is unassured. A middle ground is to run a few “long” chains, say 2 to 4 chains. These 
chains should use deliberately overdispersed starting values (guesses) with respect to the 
unknown joint distribution. Parameters with slow mixing (high lag correlations) should be
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monitored. Convergence of a chain is constrained by the slow mixing parameters, i.e., if such 
parameters appear not to be converged, the whole chain is not converged. In linear models, E 
tends to have slow mixing properties (Wang et al, 1993, 1994a), while thresholds and E mixed 
slowly (Sorensen et al, 1995; Wang et al, 1997). In generalized linear models, Janss et al.
(1995) and Thaller and Hoeschele (1996a, 1996b) observed extremely slow mixing for 
univariate sampling of genotypes.

Chains should be plotted and inspected visually to detect slow mixing parameters. Visual 
inspection along with Raftery and Lewis’s (1992) NBURN statistics can be used to determine 
the bum-in period. Gelman and Rubin (1992) statistics can reveal slow mixing and 
multimodality, and lag correlations should be calculated. Monte Carlo variances and effective 
sample sizes (Geyer 1992; Sorensen et al, 1995) for slow mixing parameters should be 
calculated to assess if chain is “long” enough.

Post Gibbs analysis: After bum-in, samples from several long chains should be combined to 
estimate characteristics of desired distributions. These samples are identically, though 
dependently, distributed. Subsampling of Gibbs chains is not necessary (Geyer 1992). 
Subsampling is a concern only if cost for storage and processing of Gibbs samples is excessive. 
Let the Gibbs samples, after bum-in, for x be: x i ( i =  l , 2 , . . . , n . The expected value and

variance of x are estimated by E(x) = x = —£ xi andvar(x) = —X (xi - x ) 2- The density of x can
n i=i 1 n i=i

be estimated by the normal kernel estimator:-, , i y  l 1f z~XiY I, wtiere h is a
R ’ nh ilJ iK  P 2 ( h J

1 ^

constant (window width). The mode of p(x) can be located using p ( z ) . Probability statements
including the highest posterior density (HPD) region can be computed as:

b
p(a < z < b) = J p (z )d z .

THE GIBBS SAMPLER IN ANIMAL BREEDING
To apply Gibbs sampling, fully conditional posterior densities need to be derived analytically. 
In animal breeding, these have been derived for univariate mixed linear models (Wang et al, 
1993, 1994a), for inferences about response to selection ( Sorensen et al, 1994; Wang et al, 
1994b), for maternal effects models (Jensen et al, 1994), for multivariate linear models (Varona 
et al, 1994; Van Tassell and Van Vleck 1995), for univariate threshold models (Sorensen et al,
1995), for a bivariate threshold and Gaussian model (Jensen 1994; Wang et al, 1997), for 
segregation analysis (Janss et al, 1995) and linkage analysis (Thaller and Hoeschele 1996a, 
1996b), and in survival models (Korsgaard 1996), among others. A Bayesian implementation 
of univariate and multivariate mixed effects models with t-distributions is in Gianola et al.
(1995), Gianola and Stranden (1996) and Stranden (1996). Gianola and Sorensen (1996) 
developed a threshold model with t-distributed liabilities and random effects. Tempelman and 
Gianola (1996) pointed out difficulties when applying Gibbs sampling in Poisson and negative 
binomial models due to unrecognizable conditional distributions for the location parameters.
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Data augmentation (Tanner 1993) has been useful for constructing joint posterior densities and 
for deriving fully conditional posterior densities to facilitate Gibbs sampling. Appropriate use of 
data augmentation may lead to fully conditional distributions that are recognizable and easy to 
sample from. In univariate threshold models, Sorensen et al. (1995) used underlying variables 
as augmented data. Van Tassell and Van Vleck (1995) augmented residuals associated with 
missing data in multi-trait Gaussian models. In segregation and linkage analyses, marker-QTL 
genotypes were augmented data (Janss et al, 1995; Thaller and Hoeschele 1996a, 1996b). For a 
particular problem, the data augmentation procedure may not be unique. Wang et al. (1997) 
discussed various data augmentation strategies in modeling a mixture of continuous and 
threshold variables. Gianola et al. (1995), Gianola and Sorensen (1996) and Stranden (1996) 
used augmentation in connection with robust estimation.

IMPROPER PRIOR AND POSTERIOR DISTRIBUTIONS
Improper posterior distributions can result from using an improper prior or from a deficient 
data structure. In Gaussian linear models, Hobert and Casella (1996) showed that a frequently 
used improper prior 1 / a f  for variances always leads to improper posteriors. Another 
convenient improper prior for variances is the flat prior . This prior may or may not cause an 
improper posterior depending on data structure, so it is unsafe to use. What happens if a MME 
do not have a unique solution? Sahu and Gelfand (1994) pointed out that though the sampler 
may not converge to a stationary distribution in a usual sense, inferences about estimable 
functions are still valid, and Gianola (personal communication, 1997) has a simple proof of 
this. It is clear that monitoring such a chain is difficult, so it is advantageous to reparameterize 
the model such that the incidence matrix for the fixed effects has full column rank.

In a simple probit or logit model for binomial data with a single variance component, Natarajan 
and McCulloch (1995) demonstrated that the 1 / a f  prior or flat prior for the variance 
component leads to improper posteriors under certain conditions. We conjecture that this 
conclusion may apply to more general generalized linear models. For a simple one-way analysis 
of variance model, with probit or logit link, they showed that a success and a failure for at least 
one level of the random effect is needed to ensure a proper posterior distribution. This 
effectively rules out animal threshold models! This fact was evident in Hoeschele and Tier 
(1995); their Gibbs sampler “blew up” when analyzing simulated data sets with an animal 
model. A well known extreme category problem (ECP) in threshold models, i.e., a level of a 
fixed factor has only one extreme response category in threshold models, also induces 
improper posteriors if the fixed effects are assigned improper priors (Hoeschele and Tier 1995). 
A bounded uniform priors for the fixed effects, however, was not sufficient to overcome the 
problem caused by ECP, while a normal prior did (Hoeschele and Tier 1995). Running Gibbs 
chains without checking that the posterior is proper is dangerous.

One way to solve the problem of an improper posterior is to use proper priors. The Normal 
distribution used for breeding values is well justified by genetic considerations. Hoeschele and
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VanRaden (1993a) derived priors for gene effects and recombination rate based on genetic 
principles. Wang et al. (1994b) used a method of moments fit to derive priors for variance 
components from experimental data.

To represent prior ignorance, proper priors with large variances have been suggested. However, 
prior variances should not be too diffuse with respect to the corresponding posterior variances 
to assure numerical stability. A theoretically appealing noninformative prior is reference prior 
(Bernardo 1979). Unfortunately, reference priors are unavailable for general models.

In summary, the Bayesian paradigm has helped to extend the range of models with animal 
breeding problems, but care should be exercised in: a) the construction of the Bayesian models 
(priors and sampling assumptions), and b) the implementation via MCMC methods.
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