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INTRODUCTION 
Factorial mating results in lower rates of inbreeding (∆F) than hierarchical mating at a constant 
rate of genetic gain (∆G) in both analytical (Woolliams 1989) and simulation studies (e.g. 
Villanueva et al., 1994). Previous studies, e.g. by Caballero et al. (1996), explored the impact 
of minimum co-ancestry mating procedures on ∆F and ∆G and Sonesson and Meuwissen 
(2000) have combined minimum co-ancestry with ideas from factorial mating. However, a 
single framework determining the impact of mating designs on ∆F and ∆G has yet to be 
developed. A unified framework will describe properties of factorial mating that are not 
apparent with minimum co-ancestry: in particular, the effect of factorial mating on ∆F is absent 
under random selection. This suggests that the effect is due to the selective advantages of the 
mates. Therefore, the objective of this paper was to develop predictions of ∆G and ∆F for 
factorial mating using the theory of long-term genetic contributions (Woolliams et al., 1999 ; 
Woolliams and Bijma, 2000), and to explore the role of factorial mating in defining optimum 
mating designs. 
 
MATERIALS AND METHODS 
Simulations. The impact of population size and initial heritability on ∆G and ∆F under 
hierarchical and factorial mating was investigated by simulating phenotypic selection in 12 
discrete generations. In order to evaluate a breeding scheme in equilibrium, generation 5 was 
used as a base generation for the calculation of ∆G and ∆F. Genotypes were simulated under 
the additive infinitesimal model ignoring the effect of inbreeding on the variance of the 
Mendelian sampling term so that the mating strategies could be compared at the same ∆G. 
Phenotypes were generated by adding independent, random environmental deviations to the 
genotypes. The Nm sires and Nf dams to be mated were allocated at random in either a 
hierarchical or factorial manner. For hierarchical schemes, sires per dam (dm) was 1, and dams 
per sire (df) were Nf / Nm, while for factorial schemes dm = 4 and df  = dmNf / Nm. In order to 
keep the number of candidates per sex (T) constant, each dam produced either four 
(hierarchical mating) or one (factorial mating) offspring of each sex per mating. Each scenario 
was replicated 250 times. 
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Predictions. Two selective advantages were used in predicting long-term genetic contributions 
with mass selection. The first, si(q),1, was the true breeding value of the individual itself, while 
the second, si(q),2, was the average true breeding value of the mates of the individual. 
Assuming equilibrium in the breeding scheme, the contribution of individual i of sex q 
conditional on i being selected, ri(q), was predicted from these selective advantages using a 
linear model (Woolliams et al., 1999): 

)()(][ 2,2),(2,1,1),(1,)()( qqiqqqiqqqiqi ssssrE −+−+== ββαµ . ( ) 
The parameters of the linear model are predicted using the approach of Woolliams et 
(1999). The equilibrium rates of gain and inbreeding were then predicted by: 
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where ai(q) is the Mendelian sampling term of i of sex q (Woolliams et al., 1999 ; Woollia
and Bijma, 2000). 
 
Woolliams et al. (1999) predicted that in mass selection for both hierarchical and factor
schemes, 1
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 for q = m,f. i is t
selection intensity averaged over males and females, kq is the variance reduction factor for s
q, k is the average variance reduction factor, h2 is the equilibrium heritability, σP is t

equilibrium phenotypic standard deviation, and σ  is the initial additive genetic variance. 
 
The sole predictive distinction between hierarchical and factorial schemes lies in the followi
terms: ffAmmi dss /]var[ *2
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was no difference expected between hierarchical and factorial schemes for ∆G, but a differen
was expected in ∆F.  
 
RESULTS 
Predictions. The errors of prediction of rate of gain were generally positive, though small 
3%), for all cases except for a heritability of 0.01 (Figure 1a). The relative errors of predicti
were larger for rate of inbreeding and showed a weak and negative trend over the range 
heritabilities (Figure 1b). For low to moderate heritabilities, the rate of inbreeding tended to 
over-predicted by 2-5% under factorial mating. 
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Figure 1. (a) Relative deviations of predicted from simulated rates of gain (∆G) for
hierarchical (dots) and factorial (circles) mating; and (b) relative deviations of predicted
from simulated rates of inbreeding (∆F) for hierarchical (dots) and factorial (circles)
mating. Results from three sizes of breeding schemes with male-female numbers of 20:40,
20:80, and 40:80 
 
∆F as a function of h2. The simulations of different mating schemes did not show significant 
differences in rates of genetic gain between hierarchical and factorial mating, as predicted. 
Therefore, comparisons of the two mating designs with the same numbers of sires, dams, and 
heritabilities were made at the same rate of gain. 
 
∆F was a function of h2 for the three different male-female numbers (Figure 2). In each 
population, the pattern of difference between factorial and hierarchical schemes showed the 
same trends as h2 varied, with no difference for h2 = 0.01, maximum difference for 
intermediate heritabilities, and diminishing difference as h2 approached to 1. The benefit was 
always in favour of factorial mating with as much as a 17% reduction in ∆F in the largest 
scheme. 
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Figure 2. Rate of inbreeding (∆F) under hierarchical (closed symbols) and factorial
mating (open symbols) as a function of initial heritability (h2) for male-female numbers of
20:40 (squares), 20:80 (triangles), and 40:80 (circles) 
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DISCUSSION 
Predictions. The results show that the framework of long-term genetic contributions is usable 
to predict rates of gain and inbreeding under factorial mating. One reason for the over-
prediction of ∆G is the calculation of selection intensities assuming infinite population size and 
unrelated candidates of selection. Model (3) is expected to under-predict the rate of inbreeding 
by a fraction of size 2∆F due to an approximation in the derivation (Woolliams and Bijma, 
2000). Use of simulated values of β showed very accurate predictions, and examination 
showed that prediction errors for ∆F arose primarily through errors in predictions of β. 
 
The framework of long-term genetic contributions highlighted the characteristics of factorial 
mating: (i) no effect on ∆G, (ii) reduction in ∆F, and (iii) the dependence of this reduction on 
h2. The form of µi(q) in equation (1) shows that, at least with random mating, the selection of 
mates for an individual impinges directly upon ∆F but only indirectly on ∆G (e.g. when ∆F is 
held constant), and affects the error variance of ri(q) for an individual about an expectation 
based only on its own innate selective advantages (e.g. its own breeding value in mass 
selection). 
 
Optimal mating designs. When selective advantages are inherited, a certain distribution of 
long-term contributions among individuals in a population is optimal with respect to 
predefined levels of ∆G and ∆F. However, (i) our ability to achieve that distribution in the 
long-term may be limited, and/or (ii) the optimal distribution may change as better selection 
criteria become available. Anticipating these needs, factorial mating (Woolliams 1989; 
Sonesson and Meuwissen 2000) provides flexibility for adjusting the contribution into the 
breeding scheme prospectively. This is distinct from minimum co-ancestry, which is concerned 
with retrospectively distributing existing ancestral contributions more evenly within the 
population (and so has an impact in the absence of selective advantages). Both this paper and 
that of Sonesson and Meuwissen (2000) show that prospective flexibility can give substantial 
benefits in the presence of selective advantages, potentially more important than the 
retrospective ‘tidying’. The optimisation of mating designs to appropriately weight these two 
components of mating design remains to be determined. 
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