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INTRODUCTION 
Several approaches for the derivation and estimation of variance components for a random re-
gression (RR) test-day model (Schaeffer and Dekkers, 1994) in dairy cattle have been devel-
oped during the last years. In general they can be divided into approaches that directly estimate 
the RR-parameters (e.g. Jamrozik et al., 1997; Kettunen et al., 1997; Meyer, 1998; Pool, 2000) 
and approaches that use a two step approach to derive covariance functions (CF; Kirkpatrick et 
al., 1990) based on multiple-trait estimates (e.g. Mäntysaari, 1999; Tijani, 1999). The CFs and 
RR-models can be considered as equivalent models (Meyer and Hill, 1997; Van der Werf et 
al., 1998). The number of (co)variance parameters in multiple-trait RR-models is usually con-
siderably high. Therefore different methods for the reduction of the number of parameters have 
been proposed (e.g. Kirkpatrick et al., 1990; Wiggans and Goddard, 1997; Van der Werf et al., 
1998). In this paper a two step approach was used to derive CFs for milk yield, that can be ap-
plied in a large scale breeding value estimation for German and Austrian Simmental Cattle. 
More than 4.2 million dairy cows with test-day records will be included in this estimation (Li-
dauer et al., 2002). Due to limitations in computational capacity and restricted time period 
available for a routine evaluation, the possibility to reduce the rank of the derived CFs was in-
vestigated. 
 
MATERIAL AND METHODS 
Multiple-trait variance components (first step). Two data sets were extracted out of one re-
gion of the joint test-day data from Southern Germany and Austria which consisted of 22,634 
and 23,077 Simmental cows, respectively. Test-day observations for milk yield from first three 
lactations were used. They were classified into seven time periods within lactations defined by 
days in milk (DIM) 8-20, 31-63, 64-96, 130-162, 196-228, 262-294 and 295-326, respectively. 
This led into matrices of additive genetic (G0) and residual (co)variances (R0) with dimension 
21 by 21. These were estimated with an animal model, where herd-year, calving year-season, 
calving age, days in milk and days carried calf were defined as fixed effects. For both data 
samples 45 four-trait REML runs were performed. In order to combine the estimates of differ-
ent REML runs, an algorithm for iterative summing of expanded part matrices (Mäntysaari, 
1999) was applied. 
 
Covariance functions (second step). A full rank CF, that exactly reproduces the estimated ad-
ditive genetic covariance matrix G0i for lactation i can be written as , where Φi 
is a 7 by 7 matrix of polynomial covariables and Kai represents the coefficients of the CF. This 
can be expanded to a multitrait case for three lactations as G , where Φ  
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(Tijani et al., 1999) and I is a 3 by 3 identity matrix. A rank reduction of the CF can be 
achieved by using fewer polynomial covariables in Φi (Kirkpatrick et al., 1990). Then Ka can 
be solved through the generalized least squares inverse of Φ (Tijani et al., 1999). Further on in 
this paper Ka stands for the coefficients in reduced order fit. Each Φi included second order 
normalized Legendre polynomials (Kirkpatrick et al., 1990) plus an exponential term as given 
by Wilmink (1987). In order to further reduce the rank the size of the eigenvalues of Ka were 
studied. The lowest eigenvalues were eliminated and an approximation of G0 was calculated as 

, where Da is a diagonal matrix con-
taining the largest eigenvalues and Q is the product of the original matrix Φ and the eigenvec-
tors corresponding to the largest eigenvalues. The rank reduction was done in two ways. In the 
first variant, a one step reduction (OSR) was performed by looking at all eigenvalues of Ka. In 
an alternative approach, eigenvalues of Ka within first and within second plus third lactation 
were reduced separately, before they were further reduced over all lactations (three step reduc-
tion, TSR). In order to compare the approximated (co)variance matrix with the parameters 
from the multiple-trait REML runs the squared coefficient of determination (CDCF) was calcu-
lated as
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, where and ; G1 repre-
sent an approximation of G0, where only a simple mean was fitted within lactations. 
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R0 can be considered as  [1], where KP represents CF coefficients for non-

genetic animal effects andσ the measurement error variance (Van der Werf et al., 1998). An 
Expectation Maximization (EM) algorithm (Mäntysaari, 1999) was applied to fit the CF to the 
residual (co)variance matrix R0. Equation [1] can be written in the general form 

, where T, W and Di can be estimated via the EM algorithm. A constant ma-
trix T can be chosen to have desired dimensionality similar to the reduced order fit of Ka. The 
same combination of Legendre polynomials and an exponential term as in the derivation of the 
additive genetic CF was used. Di was assumed to be a diagonal matrix with constant measure-
ment error variance within each lactation. A reduction of rank was done by studying the eigen-
values of W, and replacing W by the diagonal matrix with largest eigenvalues, whereas T was 
multiplied by the corresponding eigenvectors of the chosen eigenvalues (see Mäntysaari, 
1999).  
 
RESULTS AND DISCUSSION 
The combination of Legendre polynomials and an exponential term in the derivation of Ka re-
sulted in a better fit than pure Legendre polynomials of the same order. The CDCF for the 12th 
order fit of the resolved G0

* were 0.988, while a 12th order fit of pure Legendre polynomials 
had an CDCF of 0.956. Within Ka six eigenvalues accounted for less than one percent of the ad-
ditive genetic variation and even the sum of those six eigenvalues remained under one percent. 
The OSR using those six eigenvalues led to a CDCF of 0.986, which was slightly lower com-
pared to the 12th order fit. If single lactations were considered within Ka, one eigenvalue within 
each lactation explained less than one percent of variation. The high genetic correlation be-
tween time periods of the 2nd and 3rd lactation in the multiple-trait analyses suggested to com-
bine these lactations when studying the eigenvalues. Four eigenvalues of the joint second and 
third lactation accounted less than one percent of variation. In the TSR approach the exclusion 
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of those eigenvalues resulted in a reduced rank Ka of order 7, where one additional equation 
was reduced to get same degree of reduction as in case of the OSR. The CDCF of the resolved 
G0

* for the stepwise reduced rank CF was 0.985, which was very similar to the OSR. In the 
derivation of the 12th order fit for W the use of the second order Legendre polynomial plus ex-
ponential term yielded a higher CDCF (0.969) compared to a third order Legendre polynomial 
(CDCF = 0.934). The derived measurement error variances for the three lactations were 2.99, 
3.93 and 4.50 kg2, respectively. Four eigenvalues of W accounted less than one percent of the 
variation each. In the OSR approach, similar to the rank reduction of Ka, those eigenvalues 
were eliminated. This resulted in an approximation of R0 with a CDCF of 0.921. In the TSR ap-
proach the three smallest eigenvalues of the part of W associated with 2nd and 3rd lactation were 
eliminated. To achieve the same rank as in the OSR one additional equation was reduced over 
all lactations resulting in W with rank 8, that had an CDCF of 0.910.  
 
The method applied to R0 can be modified to derive parameters for a combination of multitrait 
lactation and repeated lactation model. In order to assume that the latter lactations are realiza-
tions of the 3rd trait breeding value function one can divide the 3rd lactation part of R0 (R03) into 
within lactation variation and across lactation variation. The repeatability over latter lactations 
is adjusted by choosing an appropriate ratio b34 that divides R03 = b34 R03 + ( 1- b34 )R03 . The ra-
tio b34 was chosen to get latter lactation repeatabilities to be on average the same as phenotypic 
correlations found between 2nd and 3rd lactation. 
 
The exponential term within Φ clearly improved the fit of the genetic and residual CFs. This 
might be an effect of the larger flexibility of the functions at the beginning of the lactation. The 
additive genetic CFs were better suited to rank reduction, while the non-genetic CF were more 
sensible, which was also observed by Pool (2000). However, the observed effects of rank re-
duction on (co)variance components were much smaller as in Pool (2000). In table 1 the heri-
tabilities, genetic and phenotypic correlations derived from the stepwise reduced rank CFs are 
listed for five DIM corresponding to time periods used in the multiple-trait REML analyses. 
The heritabilities and the correlation structures are only slightly affected by the rank reduction, 
no matter if it was done with the OSR or with the TSR approach. 
 
CONCLUSION 
The two step approach offered a very flexible way to reduce the rank of derived CFs. The 
stepwise reduction of rank starting from traitgroups showed no large disadvantages when com-
pared to the one step reduction across all traits. It gives more control on the derivation and 
might be more practical for CFs with high correlations between traits. The reduction of the ad-
ditive genetic CF to rank 6 and the CF of non-genetic animal effects to rank 8 showed only 
small influence on the heritabilities and correlation structure. Use of the reduced rank CFs in a 
breeding value estimation would lead to a reduction of 10 equations per animal, which consid-
erably reduces the computational work in large scale breeding value estimations. 
 

Session 17. Estimation of additive and non-additive genetic parameters Communication N° 17-03 



7th World Congress on Genetics Applied to Livestock Production, August 19-23, 2002, Montpellier, France 

Table 1. Heritabilities, genetic and phenotypic correlations (above and below diagonal) 
for milk yield of 5 time periods within first 3 lactations, computed from stepwise reduced 
rank covariance functions with rank 6 and 8 for additive genetic and non-genetic compo-
nents, respectively.A 

 
 First lactation Second lactation Third lactation 
Dim 14 47 146 212 311 14 47 146 212 311 14 47 146 212 311 
14 0.25 0.91 0.77 0.65 0.40 0.95 0.84 0.66 0.51 0.25 0.92 0.83 0.63 0.50 0.30 
47 0.66 0.27 0.93 0.83 0.63 0.85 0.93 0.82 0.66 0.38 0.92 0.93 0.80 0.66 0.38 

146 0.50 0.64 0.28 0.98 0.88 0.70 0.87 0.93 0.86 0.66 0.78 0.89 0.92 0.84 0.60 
212 0.41 0.53 0.69 0.27 0.96 0.57 0.78 0.93 0.92 0.78 0.65 0.82 0.93 0.89 0.68 
311 0.34 0.42 0.55 0.61 0.20 0.32 0.60 0.87 0.92 0.85 0.43 0.66 0.87 0.89 0.71 
14 0.44 0.39 0.35 0.29 0.15 0.22 0.86 0.65 0.48 0.21 0.95 0.84 0.61 0.44 0.19 
47 0.36 0.41 0.43 0.39 0.27 0.68 0.22 0.88 0.71 0.40 0.97 0.99 0.86 0.70 0.36 

146 0.33 0.40 0.48 0.48 0.41 0.55 0.66 0.25 0.96 0.78 0.76 0.90 1.00 0.95 0.70 
212 0.27 0.35 0.45 0.47 0.43 0.40 0.51 0.67 0.25 0.92 0.57 0.74 0.96 0.98 0.81 
311 0.13 0.22 0.32 0.35 0.35 0.14 0.25 0.50 0.62 0.23 0.25 0.44 0.79 0.90 0.86 
14 0.31 0.33 0.33 0.31 0.27 0.43 0.45 0.39 0.30 0.12 0.16 0.94 0.73 0.56 0.24 
47 0.32 0.41 0.39 0.36 0.29 0.40 0.46 0.42 0.35 0.20 0.63 0.22 0.89 0.74 0.44 

146 0.29 0.38 0.43 0.43 0.39 0.35 0.43 0.50 0.48 0.38 0.49 0.64 0.26 0.96 0.74 
212 0.24 0.32 0.40 0.42 0.41 0.26 0.35 0.48 0.50 0.45 0.38 0.51 0.67 0.26 0.88 
311 0.12 0.20 0.29 0.33 0.35 0.08 0.18 0.36 0.43 0.46 0.21 0.33 0.50 0.58 0.25 

AValues in bold deviated >±0.03 (max. 0.06 and 0.09 in genetic and phenotypic correlations, 
respectively) from the corresponding multiple-trait REML estimates. 
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