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INTRODUCTION 
We review genetic variance parameter estimation. We concentrate on non-Bayesian estimation. 
Bayesian methods will be covered in a companion paper by Professor Gianola. My prior belief 
is that his paper will be a tour-de-force. I am more interested in concentrating on obtaining 
appropriate data and fitting appropriate models rather than using a paradigm that insists on 
using prior beliefs however (in)substantial. Given the context it is interesting to review the 
progress in terms of previous Congresses. 
Madrid 1982. The comparisons between parameter estimation by fitting different models and 
equating sums of squares to expectation with estimation by Maximum Likelihood(ML) or 
Residual Maximum Likelihood (REML) was emphasised. The ML methods were more 
efficient. The convenient algorithms for the inverse of the Additive Relationship Matrix 
(Henderson, 1976) allowed in principle use of all covariances between relatives. In some 
circumstances ML methods took account of selection. There was a cri du coeur for help in 
understanding the L’y selection of Henderson (1975).  
Lincoln 1986. ML methods because of the unbalanced nature of the data normally require 
iterative methods to maximize likelihoods. An important development was the introduction by 
Smith and Graser (1985) of an alternative form for the likelihood that naturally leads to 
sequential formation of the likelihood that required much less computation than existing 
methods at the time. To maximize the likelihood with one parameter Smith and Graser (1985) 
suggested using a quadratic approximation. 
Edinburgh 1990. With more than one parameter, simplex methods become a popular flexible 
alternative as they avoid calculating derivatives and again existing methods were 
computationally expensive. The methods were used for Animal, Reduced Animal Models as 
well as Sire Models, both for univariate and multivariate data (Meyer, 1989). Later more 
biological appropriate models with genetic components naturally fitted into their framework 
including maternal models and models with mutation terms (Wray, 1990). 
Guelph 1994. This congress saw interesting work presented on maximisation of likelihoods. 
Numerical methods for maximisation were popular but this became more difficult with more 
parameters. We consider a linear model   eZuXby ++=
The residual log-likelihood (REML) is of the form :  

X)1VXlogdet(logdet(V))b̂X(y1V)b̂X(yαL −′−−−−′−  
This is different from the usual likelihood form in that it is a function of error contrasts – 
contrasts that do not tell us about fixed effects. This difference has two consequences, the use 

of the weighted least squares estimate  of b, given by , and a term in 

det( ) that is sometimes thought of as a penalty function because the fixed effects are 

b̂ y1VXb̂X1VX −′=−′

X1VX −′
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not known. Mixed model equations (Henderson, 1973) pay an important part in the analysis 
process. These are of the form  
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Terms derived from these include prediction error variances found from writing the mixed 

model equations as  Cs = R    so that  1C
uû
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It is often useful to express relevant quantities in terms of the projection matrix 
1VX1X)1VXX(1VP −′−−′−−=  

X)1VXlog(logdet(V)PyyαL −′−−′  
Estimation of a variance parameter θi involves setting to zero the first derivatives 

[ ])iθV/P(tr)PyiθV/P(yiθL/ ∂∂−∂∂′=∂∂  
These could be thought of equating a function of the data to its expectation. Normally finding a 
maximum of the likelihood requires an iterative scheme. One suggested by Patterson and 
Thompson (1971) is based on the expected value of the second differential. Using the first and 
second differentials we can update θ using the rate that all the terms from solution of MME and 
C-1 for example 

θ).L/(1EInfθθ̂ ∂∂−+=  
An alternative algorithm was suggested by Dempster, Laird and Rubin (1977). This EM 
algorithm is based on thinking of the random effects as `missing’ .The estimation is based on  

using writing this as 

 

PEV(u)uu2
gσ̂s +′=

1)ViθG/(1Vy2 −∂∂−′= )],iθG/(1tr[V2
gsσygσ̂s ∂∂−−+

we see this as a manipulation of equating the first differential to zero. It can be also written as 

 with Inf representing the information on the complete data. One 

advantage of this method is that σ  stays in the parameter space . 

θ)L/(1Infθθ̂ ∂∂−+=
2

g 02
gσ ≥

Another advantage is that there is an increase in likelihood in each iteration. Disadvantages are 
that the method can be slow to converge (indeed this method is said to be the most widely used 
in terms of numbers of iterations) and it requires the inversion of C in each iteration. An 
important advance was the rediscovery (Misztal and Perez-Enriso, 1993) of an algorithm 
(Takahashi et al., 1973) that allowed the calculation of the `relevant’ terms in the inverse of C 
required for forming the first differentials without calculating all the elements of the inverse. 
Meyer and Smith (1996) introduced an alternative way of calculating these first differentials by 
performing the `automatic’ differentiation of the Choleski decomposition of C. These 
techniques both requiring twice the computational effort of forming the likelihood were 
derived using properties of Choleski decompositions. An alternative derivation in terms of 
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sequential formation of C-1 parallels the sequential formation of the likelihood (Thompson et 
al., 1994).This result allowed the implementation of EM algorithms to estimate variance 
parameters, (Misztal, 1994) for bigger problems. These were an improvement on derivative 
free methods but could still be slow to converge. 
 
It is possible to calculate second differentials using the automatic differentiation ideas of Smith 
(1995) but the calculation of each second differential requires the computation of the order of 
six likelihood calculations (Smith, 1995). There are various suggestions on approximating the 
second differential. Mantysaari and Van Vleck (1989) suggest accelerating the EM algorithm 
based on the observed geometric rate of convergence. Neumaier and Groeneveld (1998) 
suggest quasi-Newton scheme using first differential values to build up an approximate second 
differential. A third suggestion by Thompson and co-workers (Johnson and Thompson, 1995 ; 
Gilmour et al., 1995 ; Jensen et al., 1997) is based on manipulation of the alternative 
information matrices. The second differentials of C with respect to  θi and θj. are 

)]jθV/)P(iθV/(1/2)tr[P()]jθiθL/2E[(and

Py)jθV/)P(iθV/P(y)]jθV/)P(iθV/(1/2)tr[P()jθiθL/2(

∂∂∂∂−=∂∂∂

∂∂∂∂′−∂∂∂∂=∂∂∂
  

Both these terms often called observed and expected information are difficult to calculate but 

the average  can be calculated by using 

and as working variables and obtaining the residual cross-product 

between these working variables. This calculation is much simpler than calculating either the 

observed and expected information.  

Py)jθV/)P(iθV/P(y(1/2))]jθiθL/2AI[( ∂∂∂∂′−=∂∂∂

Py)jθV/( ∂∂)PyiθV/( ∂∂

Armidale 1998. The major extensions I saw at Armidale was extension of models more into 
the area of longitudinal data especially with random regression methods. There was also 
discussion of the Method R introduced by Reverter (Reverter et al., 1994a ; 1994b) One 
problem with the ML techniques is the dependence of the procedures on having estimates of 
the prediction error variances. Method R introduced an ingenious suggestion that avoids 
calculation of prediction error variances. The initial suggestion was for a way of checking 
whether a model is appropriate by comparing predictions based on `early’ data with predictions 
based on `recent’ data. Reverter et al. (1994a) show that the regression of `recent’ prediction 
on `early’ predictions is 1. Informally this statistic is asking the question does the recent data 
change the prediction of early animals .In a sense this is looking backwards. By contrast the 
analysis of selection experiments and partitioning of likelihood often are, in one sense, looking 
forward and asking does response agree with prediction for ‘recent’ animals ? Reverter et al. 
(1994b) have suggested that the method could be extended to estimate genetic parameters 
essentially choosing an estimated heritability to make the regression 1. This method has been 
used in several large genetic situations (for example : Misztal, 1997 ; van Tassell et al., 1999 ; 
Duagjinda et al., 2001a) but the method is not completely understood. Reverter et al. (1994b) 
suggest constructing predictions from all the data (`recent’) with predictions on random sub-
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samples (`early’). They suggest using sub-samples of 50 % from empirical evidence. 
Analytical consideration of half-sib data suggests that the sampling variance will have an 
asymptotic term and a term dependent on the number of samples. 
 
A concern is whether or not the method can be used with selected data. Cantet and Birchmeier 
(1998) suggested that this was not so, but their verbal presentation contradicted this assertion. 
More recently simulation evidence (Cantet et al., 2000 ; Schenkel and Schaeffer, 2000 ; 
Duagjinda et al., 2001b) have suggested that method R estimates are biased in selected 
populations when samples based on 50 % of the data. Whilst I accept that the regression of 
`early’ on `recent’ is one, however, I doubt this will be the case if `recent’ is a random sub-
sample. For example, with dam-daughter pairs and selection in the parental generation random 
samples of dam-daughter data might choose (a) dam alone, (b) daughter alone, (c) dam and 
daughter together. In case (a) regression is a function of regression of daughter on dam and is 
unaffected by selection. However, in case (b) the regression is a function of regression of dam 
on daughter and is affected by selection. Case (c) is essentially uninformative on estimation of 
heritability. One presumably can avoid the difficulty with case (c) by using several sub-
samples. To circumvent problems with selection, one can presumably use a more sequential 
approach similar to one suggested for discrete data. There is the question about the efficiency 
of the two suggested schemes and the optimal weighting of information from animals born in 
different time periods.   
 
MORE RECENTLY 
A synthesis of comparisons of these iterative methods was carried out by Hofer (1998) and is 
updated in table 1. These show the expected improvement of EM methods over derivative free 
methods. They also show that most second differential methods converge in relatively small 
number of iterations.  
In some cases transformations can aid in estimation. If we have multivariate data with two 
(pxp) variance matrices to estimate, say G and R, then a canonical transformation (Meyer, 
1986 ; 1997) can help in reducing one pxp estimation into p independent analyses. They are 
modifications using the EM algorithm that allow the same techniques to be used with missing 
values (Ducrocq and Besbes, 1993) and with unequal design matrices (Ducrocq and Chapuis, 
1997). 
A related problem is that often we require G and R to be positive definite and schemes based 
on second differentials do not necessarily lead to positive definite matrices. One suggestion is 
to use transformed parameters for example σ or log σ instead of σ2, or multivariate analogues 
such as Choleski transformations (Lindstrom and Bates, 1988 ; Groenevald, 1994). 
 
Recent work on EM algorithms (Foulley and Quaas, 1995 ; Meng and Van Dyk, 1998) have 
suggested that this Choleski or linear parameterization has a natural interpretation and can lead 
to faster convergence.   
 
For example, Foulley and Quaas (1995) use a model y = Xα + σGZu*+e and given σ predict u 
with natural mixed model equations. Regression of y on  σG and Zu* (taking into account 
uncertainty of u) gives a natural way of updating σG (keeping σ2

G  within the parameter space). 
For a balanced sire model Foulley and Quaas (1995) note that the rate of convergence depends 
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on (n / (n + α)) with α = σ2
E / σ2

G. For (n / (n + α)) = 0.2, 0.5, 0.8 the rates of convergence for 
σG using an EM algorithm are 0.27, 0.45, and 0.31, compared with 0.03, 0.25, and 0.63 for a 
scheme based on updating σ2

G, showing the advantage of the σG parameterization for small 
values of (n / (n + α)). 
 
Table 1. Results of empirical comparison of REML algorithms with regards to rounds of 
iteration (function evaluations for DF) and total time (h) to convergence A  

 
Ref B MME C Par D DF EM NR/AI F 

   F.Eval Time Rounds Time Rounds Time 
1 4895 3 26 0.01 24 0.05   
 9790 9 238 0.31 33 0.26   
 14685 18 583 1.77 45 1.02   
2 6192 9 699 1.27   6 0.45 
 10230 12 1236 2.33   8 0.90 
 14274 18 4751 11.10   18 3.33 
3 5731 5 169 0.34   6 0.07 
4 8765 6 927 70.60 109 4.91 7 1.86 
5 5073 2 39 0.02   5 0.02 
 10146 6 472 0.52   9 0.09 

6E 233796 55 37021 20830   185 40.10 
7 46581 12 1435 15.20 1006 88.60 6 0.58 
 55410 19 5813 30.60   6 1.00 

A Updated from Hofer (1998). 
B References 1 Misztal (1999) ; 2 Meyer and Smith (1996) ; 3 Johnson and Thompson (1995) ; 4 

Gilmour et al. (1995) ; 5 Madsen et al. (1994) ; 6 Neumaier and Groeneveld (1998) ; 7 Jansen et al. 
(1997). 

C Dimension of mixed model equations (MME). 
D Number of (co)variance components. 
E `DF’ = quasi Newton using finite differences. 
F `NR/AI’ = quasi-Newton using computed analytic differences. 
 
A more recent development is the suggestion of Lui et al. (1998) who suggest a parameter 
extension or PX-EM algorithm. In our case it involves estimating σ2

G = (σG1)2 σ2
G2 and σG1 

estimated by the linear scheme and σ2
G2 by the quadratic scheme. This scheme at first sight 

counter-initiative in that σ2
G2 are confounded, has a rate of convergence that again depending 

on n / (n + α) but is faster than the two previous schemes, with rates of convergence of 0.30, 
0.60, 0.80 for (n / (n + α)) = 0.2, 0.5 and 0.8. In one sense the extra parameters help to reduce 
the ‘missingness’ that slows convergence. 
 
I have found the following argument in trying to understand some of these improved EM 
schemes. Consider the case when we have N moment matrices Mi (i = 1,…,N) with expectation 
G+Ri. This might arise in considering a p multivariate problem with ‘equal designs’ with 2 p x 
p multivariate components and we use a spectral decomposition to construct N independent 
sets of sums of squares and cross products. We consider the case when Ri is known and we are 
interested in estimating G. We let G = SUS’ that allows a wide range of possible models. If U = 
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I and S lower triangular we have a Choleski parameterization. The matrix S could be thought 
representing a set of factors and if S is of size p x f we have V factors, and so S represents  a 
reduced rank or latent regression parameterization. As G is a symmetric matrix there are 
px(p+1) / 2 parameters. Obviously care needs to be taken with S and V as these have 
px(2p2+p+1)/2 parameters. An estimation procedure based on differentiating the likelihood can 
be informally thought of as thinking of MI as yiyI

’ with E(yi) = ui = Sfi estimation of the terms 
of S can be thought of as predicting fi from yi and regressing yi on the prediction of fi  taking 
into account the uncertainty in fi. Estimation of U follows the recipe involving the prediction of  
fi and the prediction error variance of fi. Note that formally yi does not need forming as all 
required terms can be constructed from Mi. A similar algorithm can be constructed from PX-
EM arguments (B.R. Cullis and A. Smith, pers. comm.). I have found this argument useful in 
(a) understanding the PX-BM methodology, (b) estimation in reduced rank or latent factor 
models, (c) as a way of constructing hybrid iterative schemes. 
 
I think that AI iterative schemes are attractive in that they usually only need a small number of 
iterations. The two drawbacks are that they do not always improve the likelihood ,but this 
difficulty reduces as the parameters get nearer to a maximum value of the likelihood and can 
lead to estimates outside the parameter space. One suggestion is motivated by Lee and Nelder 
(2001) who base estimation of variance parameters in hierarchical models of pseudo data based 
on sums of squares of predicted values and their prediction error variances. This suggests when 
AI algorithms are having problems using (PX)-EM schemes based on constructing pseudo 
moment matrices and expectations from relevant predictions and prediction error matrices for 
difficult parameters. A maximization of this likelihood of this pseudo-data could be perhaps 
used. This updating should get parameters nearer the maximum computationally faster than 
updating all parameters after each (PX)-EM iterate.  
 
We have concentrated on exact methods of analysis because Professor Gianola will discuss 
Bayesian and Markov Chain Monte Carlo (MCMC) methods. In a sense there is a direct 
analogy between direct and iterative estimation in linear estimation and exact and sampling 
based methods in quadratic estimation. I tend to think of Gibbs sampling methods as adding 
noise at every step of a simplified exact analysis. For instance estimate b and add noise, 
estimate u and add noise, form sums of squares for u and add noise to give an estimate of σG

2. 
One does not need to Bayesian to use MCMC methods and Guo and Thompson (1994) use the 
above paradigm with the estimation of σ2

G given by an EM step. In a sense the difficulties of 
calculating prediction error variances is replaced by sampling them. Thompson (1994) and 
Garcia-Cortes and Sorensen (2001) have pointed out that the sampling error can be reduced 
when updating σ2

G taking account of the variance of the noise added to u although this is 
simpler to do for uncorrelated effects. One can also get nearer to exact methods by using block 
updating but this leads to more complicated variance correction formula. It is not always clear 
which computational scheme, exact, Gibbs sampling or intermediate will minimize 
computational effort.  
 
A recent suggestion by Clayton and Rasbash (1999) for imputation can also reduce 
computational effort. In our model, their idea suggests fitting two models  
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In (1) we fit  and construct as plus noise. In (2) we adjust y for , estimate σ2
G and σ2

E 

and fit and add noise to . Then y is adjusted for  and the procedure repeated. After burn 
in averages of σ2

G and σ2
E  provide estimates of σ2

G  and σ2
E in the spirit of Gibbs sampling but 

avoiding some of the noise in  when σ2
G  and σ2

E  are estimated. 

b̂ b~

u~

b̂ b~

û u~ u~Z

(2)eZub~Xy     and          (1)eXbu~Zy +=−+=−

 
The L’y selection idea of Henderson (1975) is still not been completely understood. There has 
been related work on survival analysis but until recently it has concentrated on univariate sire 
models. Only recently have there been attempts to integrate the non-linear survival analyses 
with other related traits in animal models (Ducrocq, 1990 ; 2001). There has been more interest 
in this area in medical studies under considerations of random, non-random and informative 
dropout (for example, Diggle and Kenward, 1994)  
 
CONCLUSIONS 
We have shown that the area of genetic parameter estimation has advanced tremendously over 
the last thirty years allowing more appropriate models to be fitted to larger data sets. There are 
still challenging problems to be solved that we think will build on existing knowledge. 
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