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ABSTRACT: Genomic prediction from dense SNP 
genotypes is widely used to predict breeding values for 
livestock, and crop breeding.  In many cases the most 
accurate methods are Bayesian, usually implemented via 
Markov Chain Monte Carlo (MCMC) scheme but this is 
computationally expensive. To retain the advantages of the 
Bayesian methods, with greatly reduced computation time, 
an efficient Expectation-Maximisation algorithm termed 
emBayesR is proposed. emBayesR retains the BayesR 
model’s prior assumption for SNP effects, of four normal 
distributions with increasing variance.  To improve the 
accuracy of genomic prediction compared to other non-
MCMC approaches, emBayesR estimates the effect of each 
SNP while allowing for the error associated with estimation 
of all other SNP effects. Compared with BayesR, 
emBayesR reduced computational time up to 8 fold while 
maintaining similar prediction accuracy on both simulated 
data, and real 800K dairy data. 
Keywords: genomic prediction; expectation-Maximisation 
algorithm; Markov Chain Monte Carlo 
 

Introduction 
Genomic prediction uses information from high-

density genetic polymorphisms, such as SNP panels, to 
predict genetic merit of individuals.  Selection based on 
these estimated breeding values could substantially increase 
the rates of genetic improvement for economically valuable 
traits in animals and plants (Meuwissen et al. (2001)). 
Several methods, which differ in the prior distribution of 
SNP effects assumed, have been proposed to estimate the 
SNP effects for the use in genomic selection. Based on the 
assumption that whether or not the SNP effects are all 
drawn from the same normal distribution, there are two 
classes of statistical methods called best linear unbiased 
prediction (BLUP; normal distribution) (Harbier et al. 
(2007)) and Bayesian Family methods (non-normal 
distribution) including BayesA and BayesB (Meuwissen et 
al. (2001)), BayesC and BayesCπ (Harbier et al. (2011)), 
BayesR (Erbe et al. (2012)), and BayesLASSO (Park et al. 
(2008)).  In real data, the genomic prediction models, which 
assume non-normal distributions of effects, can give higher 
accuracies than BLUP in some cases, particularly when 
large numbers of SNPs are used (Erbe et al. (2012); Verbyla 
et al. (2010); Daetwyler et al. (2012)).  A disadvantage of 
these methods is that it is difficult to write closed form 
solutions for SNP effects or other parameters, so Markov 
Chain Monte Carlo sampling is used (e.g. Meuwissen et al. 
(2001)).  This is computationally expensive, particularly 
with large numbers of SNP. There have been a number of 

proposals to reduce computational time required to arrive at 
satisfactory estimates of the SNP effects (e.g. VanRaden 
(2007); Meuwissen et al. (2009); Shepherd et al. (2010)).  
These proposals make use of heuristic algorithms other than 
Gibbs sampling. One potential reasons for the lower 
prediction accuracy observed using these approaches 
compared to MCMC Bayesian methods is that the errors in 
the estimates of SNP effects other than the SNP for which 
an effect is being estimated were ignored (Meuwissen et al. 
(2009)). 

Our aim here was to develop an EM counterpart to 
BayesR (emBayesR).  Our EM algorithm retains the 
BayesR model assumption about SNP effects being derived 
from four different normal distributions. It also potentially 
improves accuracy of prediction compared with other EM 
methods by estimating the effect of each SNP while 
accounting for the errors in the estimates of all other SNPs. 
To compare speed and accuracy of prediction with BayesR 
and existing EM algorithms for genomic prediction, we ran 
emBayesR on both simulated data, and real 800k SNP data 
from dairy cattle.   
 

Materials and Methods 
 

Data. 10K simulation genotypes and phenotypes 
were provided by Macleod et al. (2014). Based on the 
reasonable selection criterions of mutation rates, the 
recombination rates and also drift-recombination-mutation 
equilibrium similar to Holstein dairy cattle, the SNP density 
is equivalent to ~600,000 SNPs on a 30M genome. To 
generate phenotypes, 50 QTLs were randomly picked from 
the segregating loci. True breeding values (TBV) were 
obtained by summing up genetic values at each QTL loci. 
For 5000 individuals, adding a residual value to the TBV of 
each individual generated phenotype. Five replicates were 
simulated at the heritability with 0.45 and 0.10 separately. 
Accuracies were the correlation of genomic estimated 
breeding values and TBV. For the real data, 3049 Holstein-
Friesian bulls had genotypes for 630,002 SNP on the 
Illumina bovine HD array (see Raven et al. (2014)).    
Phenotypes were daughter trait deviations (DTD) for milk 
yield, fat yield, protein yield, fertility (calving interval), 
protein percent and fat percent.  The bulls were split into 
reference and validation sets, by age (the youngest bulls 
were in the validation set).  As a surrogate for accuracy, the 
correlation of GEBV and DTD in the validation set was 
used. 
 



Overall statistical model. Ignoring fixed effects, 
the linear model for phenotypes is 𝐲 = 𝟏𝒏𝜇 +  𝐙𝐠 + 𝐞 . 
Where y is a 𝑛 × 1 vector of phenotypic records; 1n is a n x 
1 vector of ones, μ is the population mean, Z is a 𝑛 ×
𝑚 design matrix (m is the number of markers) with 
elements 𝐳i = (𝐱i − 2pi) �pi(1 − pi)

2⁄  where xi is are the 
genotypes of the ith SNP (0, 1 or 2 copies of the second 
allele), and 𝑝𝑖  is the minor allele frequency of each SNP i; e 
is a 𝑛 × 1 vector of random normal deviates, 𝐞~𝑁(0, 𝐈𝜎𝑒2); 
g is a 𝑚 × 1 vector of SNP effects. BayesR  (Erbe et al. 
(2012)) assumes, that the effect of SNP i (gi) is drawn from 
a mixture of four normal distributions N(0, σ𝑘2 ) with 
probability Prk  (k=1,…,4).Here, σk2 = {0, 0.0001 ∗
σg2, 0.001 ∗ σg2, 0.01 ∗ σg2}, where σg2 is the genetic variance; 
Prk follows a Dirichlet distribution with α=1, where α is a 4 
x 1 vector of pseudo counts of the number of SNP in each 
distribution. 

Aim and strategy.  The aim of the paper is to 
predict 𝐙𝐠  by 𝐙𝐠�  as accurately as possible with reduced 
computational time. The best predictor for each SNP effect 
is  g�𝑖 = E(gi|y) . Based on the BayesR model, g�𝑖 =
E(gi|𝐲,𝐏�𝐫) is used. Therefore, 𝐏𝐫 and gi could be estimated 
by means of deriving P(𝐏𝐫 |𝐠) and P(gi|𝒚,𝐏�𝐫).  To do this, 
two vectors of missing data (𝐮,𝐛) are introduced. Here, 𝐮 
is the combined effects of all other SNPs except the current 
SNP, and the other vector 𝐛  is for indicator variables, 
determining which normal distribution each SNP effect is 
derived from. Then the above overall model could be re-
written as 𝐲 = 𝟏𝒏µ + 𝐙igi + 𝐮 + 𝐞 . Because u  is also 
predicted, it should be replace by 𝐮� , which can be 
accommodated by considering the Prediction Error 
Variance (PEV). Both 𝐮 and 𝐛 could be integrated out of 
the posterior distribution. The algorithm for emBayesR 
includes three steps: (1) for the vector 𝐮 of missing data, 
calculate its PEV with; (2) using PEV(u� ), calculate the 
posterior probability that each SNP is from each of the four 
distributions Pik : Pik = E(bik|𝐲,𝐏𝐫) ; (3) Estimate the 
mixing proportions (Pr), each SNP effect (gi,  as well as the 
error variance(σe2 ) by taking the derivatives of the log 
likelihood and using the EM algorithm to integrate out 
missing data 𝐮  and 𝐛. 
 

Results and Discussion 
 

Comparison in simulated data. BayesR, 
emBayesR and fastBayesB gave higher accuracies than 
GBLUP, regardless of heritability (Table 1). Further, 
emBayesR gave higher accuracies than fastBayesB for both 
groups of simulation data with different heritability, but 
slightly lower accuracy than BayesR at high heritability. All 
methods gave GEBVs that were close to unbiased meaning 
that the regression of TBV on GEBV was close to 1.0.  The 
accuracy of emBayesR without PEV correction and 
emBayesR with PEV correction has also been compared in 
Table 1, which provides the evidence of the significance of 
PEV correction. The accuracy of emBayesR with PEV 
correction was up to 0.05 higher than emBayesR without 
PEV correction.  When the estimates of SNP effects from 

BayesR and emBayesR were compared, we observed that 
estimates of large SNP effects were very similar, Figure 1.   
However, for moderate effects, emBayesR systematically 
shrank them more towards zero than BayesR on all replicate 
data sets. This suggests that when there are some large SNP 
effects in the dataset, emBayesR performed as well as 
BayesR. Otherwise, emBayesR shrinks small to moderate 
SNP effects towards zero, leading to somewhat lower 
accuracy compared with BayesR. We also compared the 
relative degree of shrinkage from BayesR, emBayesR with 
PEV correction, emBayesR without PEV correction, and 
fastBayesB, in simulated data, Figure 2.  For moderate SNP 
effects, estimates from emBayesR with the PEV correction 
are closer to the estimates from BayesR than from 
emBayesR without PEV correction and especially 
FastBayesB. In other words, with the PEV correction, 
emBayesR results in less shrinkage of moderate effects than 
FastBayesB. However, we should point out that our “large” 
effects here are sampled from a normal distribution, and 
only represent a small proportion of the variance.  If there 
were much larger effects in the data, FastBayesB may 
perform better, as the LASSO would result in very little or 
no shrinkage for such effects.   Then we could conclude that 
with the PEV correction, the emBayesR posterior mode 
estimation for moderate SNP effect is closer to the posterior 
mean in BayesR. However, under the interval (|g|≤0.02),  
PEV correction did not work perfectly. Even with a 
correction for PEV, emBayesR results in more shrinkage of 
moderate effects than BayesR, which may explain the 
slightly reduced accuracy of genomic prediction in some 
situations. 

 
Table 1. Accuracy and regression coefficient of TBV on 
GEBV for GBLUP (GB), BayesR (BR), FastBayesB 
(FBB), emBayesR without PEV (EB_1) and emBayesR 
with PEV (EB_2) on 10K SNP chips. 

 Correlation 
(GEBV,TBV) 

Regression coefficient 
(TBV on GEBV) 

 h2 = 0.45   h2 = 0.10 h2 = 0.45  h2 = 0.10   
GB 0.60±0.02 0.42±0.01 1.00±0.05 0.95±0.13 
BR 0.76±0.05 0.63±0.09 1.02±0.03 1.00±0.06 

FBB 0.70±0.06 0.61±0.10 1.11±0.07 1.09±0.07 
EB_1 0.69±0.08 0.59±0.01 0.91±0.04 0.94±0.05 
EB_2 0.75±0.05 0.63±0.09 0.93±0.03 1.00±0.07 

 
Comparison of prediction accuracy on 800K 

real data.  The results on real data shows that the accuracy 
of emBayesR on five dairy cattle traits was always better 
than FastBayesB, for four out of five traits better than 
GBLUP, and achieved similar or slightly lower accuracies 
than BayesR, Table 2.  EmBayesR had a very similar 
accuracy as BayesR for milk, protein and fertility, but 
slightly lower performance on protein percent and fat 
percent. emBayesR performed better than GBLUP for all 
traits except protein percent. One explanation for the poor 
performance of emBayesR for protein percent is that error 
variance for this trait has a very small value (0.00000339) 
which may have resulted in the EM algorithm converging to 



a local optimum. On all five traits emBayesR gave higher 
accuracies than fastBayesB. 
 

Figure 1: The correlation between BayesR and emBayes
R’s SNP effects on five replicates (h2=0.45). 

 
Table 2. Accuracy and regression coefficient of TBV on 
GEBV for GBLUP (GB), BayesR (BR), and emBayesR 
(EB) on 800K SNP chips. 

 Milk Protein Fertility Protein% Fat% 
GB 0.56 0.61 0.39 0.73 0.72 
BR 0.60 0.61 0.44 0.76 0.78 
EB   0.62       0.65        0.40          0.73 0.77 

 
Figure 2: Comparison of SNP effect estimates from 
BayesR to emBayesR with PEV,  emBayesR without 
PEV, and FastBayesB. 

 
 
Convergence speed and Computational time. 

emBayesR was faster than BayesR while maintaining a 
similar time to convergence as FastBayesB (Table  3).  
Furthermore, when the data size increases, such advantage 
could be more obvious.  

Table 3.  The computational time comparison between 
BayesR (BR), emBayesR (EB) and FastBayesB (FBB) 
for different data set sizes. 

 1K 10K 50K 800K 
  BR 2~3m 2h 4h 4d 
EB 

 
1mE1 

<1mE2 
4mE1 
15mE2 

8mE1 
20mE2 

1hE1 
5hE2 

FBB <1m 10m 30m 10h 
E1 means step 1 of  emBayesR: PEV Calculation. 
E2 means step 2 of  emBayesR: EM Iteration. 
m means minutes. 
h  means hours. 
d means days. 

 
Conclusion 

 
In summary, emBayesR employs an EM based 

method to estimate the posterior mean of SNP effects 
instead of MCMC sampling. The results on the simulation 
data and real data show emBayesR gave similar accuracy of 
prediction to that achieved with BayesR’s accuracy in a  
range of simulated and real 800K dairy data. emBayesR 
takes much less computational time than BayesR and this 
will allow it to be applied to very large data sets, including 
full genome sequence data. 
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