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ABSTRACT: Many computations as current 
implementations of single-step genomic BLUP require the 
inverse of , the additive relationship matrix between 
genotyped animals. Inversion of this matrix may be time-
consuming when the number of animals increases beyond 
tens of thousands. Sparsity pattern of its inverse, computed 
using pedigree information, may help to reduce 
computations. However, the inverse is sometimes extremely 
dense. An alternate implementation proposed in this study 
restricts the sparsity pattern of the inverse of  in order 
to approximate its inverse. Such approximations are then 
computed for 4 different orders of  (10,000; 25,000; 
50,000 and 75,000). Using the best approximations, 
reliabilities of breeding values in equivalent model instead 
of regular animal model are slightly inferior. Moreover, 
computing times of these approximations are limited (e.g. 
4h for an order of 75,000) and may be sped up by a factor 
of 3 using parallel computing. 
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INTRODUCTION 
The recent developments of genomic selection 

raised the need for efficient computational methods. Among 
those methods, the single-step genomic BLUP (ssGBLUP; 
Misztal et al. (2009), Christensen and Lund (2010)) requires 
the inversion of the two relationship matrices that gather 
two types of relationships between genotyped animals: 
genomic (G) and additive ( ) relationships. 

While the inverse of G is dense, the inverse of 
 ( ) may be, in comparison, less dense: in a recent 

study (Faux and Gengler (2013)), we took advantage of the 
prior knowledge of the sparsity pattern of  to achieve 
its computation. This was made possible through the use of 
a heuristic algorithm (hereafter denoted as “SP algorithm”) 
that exhaustively searches the pedigree for dependencies 
between related individuals. However, in some situations, 

 is close to dense and the prior computation of its 
sparsity pattern is helpless for further computations. 

In this research, we propose a slight modification 
of the SP algorithm in order to compute approximations of 

. We further discuss the efficiency of theses 
approximations and the related computations by examining 
their accuracy and their computational requirements (time 
and memory). 

 
MATERIALS AND METHODS 

Simulated genotyped populations. Genotyped 
populations of 4 different sizes were simulated using the 

official pedigree for dairy cattle evaluation in Walloon 
Region of Belgium and following this procedure: (1) 2,429 
animals (1,855 males and 574 females) whose genotype is 
available were included in all simulated populations; (2) 
from 2000 to 2013, 14 year pools were made of all males 
born in the same year and pertaining to the evaluation 
pedigree of December, 2013; and (3) in each year pool, 
animals were randomly chosen to be considered as 
genotyped, in a proportionate number to the distribution of 
the 2,429 genotyped animals among theses year pools.  

Each population was enlarged by extraction of 
non-genotyped ancestors of genotyped animals on a 
maximum of 6 generations, what led to the following 
populations (number of genotyped animals; total number of 
animals): P10 (10,000; 75,429), P25 (25,000; 148,446), P50 
(50,000; 243,005) and P75 (75,000; 322,634).  

The sparsity of  for each simulated population 
was assessed using the SP algorithm: it ranges from 8.91% 
(P25) to 10.62% (P50) of non-zeros elements. Thus,  
can be considered as dense for all simulated populations. 

Sparsity pattern of . For any genotyped 
animal, the SP algorithm searches the whole pedigree for all 
other genotyped animals (denoted hereafter as 
“contributors”) that are required to explain the relationships 
of the current genotyped animal with all others genotyped 
animals. Considering the last genotyped animal in an age-
ordered pedigree (oldest first, youngest last) as the current 
animal, its contributors are determined by exploring the 
pedigree in compliance with the following rules. 

(1) Explore the ascending branches of the current 
animal. 

(2) If an ancestor is genotyped, then he is a 
contributor. The exploration stops in this branch. 

(3) If an ancestor is non-genotyped, then keep 
exploring the ascending branches to find 
genotyped ancestors and, while exploring the 
descending branches, list the genotyped animals. 
These animals are contributors. 

(4) For any animal listed when exploring the 
descending branches, apply the same rules as 
before and keep repeating it until the pedigree has 
been exhaustively searched or until no genotyped 
animals are listed in the descending branches. 
As a small example, these rules can be applied to 

the last animal (animal 12) of the example genealogical tree 
given in Figure 1. In this figure, the identification number 
gives the age order: animal 1 is the oldest and animal 12 the 
youngest. 7 genotyped animals are tagged with squares and 
5 non-genotyped animals are tagged with circles. Starting 
from animal 12, the three first rules leads to put animals 1, 
9 and 10 in the set of contributors and the fourth rule 
dictates to repeat the three first rules for contributors 



obtained by descending branches (animals 9 and 10). 
Animals 8 and 11 are then included in the set of 
contributors. The three first rules are applied again to 
animal 11, what eventually leads to include animal 6 in the 
set of contributors. In this case, all genotyped animals 
preceding the current animal contribute. 

For any row in the inverse Cholesky factor of , 
non-zero entries are found at the positions of the 
contributors of the corresponding animal. The product of 
the transpose of this pattern (as a logical matrix) by itself 
returns the sparsity pattern of . For instance, the 
example matrix (see Table 1) is fully dense. 

The SP algorithm was sequentially implemented in 
Faux and Gengler (2013). The sequential implementation 
works fast because it repeatedly reuses the sparsity pattern 
established for animals prior to the current one. 
Nevertheless, it does not make any difference between the 
values of contributions. It has however been observed 
(Faux et al. (2012)) that many of these values (i.e. the non-
zero values in the lower part of the inverse Cholesky factor 
of ) may be close to 0 and would therefore possibly be 
discarded. We propose in the next sub-section a different 
implementation of the SP algorithm that may discard such 
small elements. 

Restricted sparsity pattern of . Following 
the rules here above, the sparsity pattern of the inverse 
Cholesky factor may be independently set up for every 
genotyped animal and, once it has been done for all, used to 
compute, by logical matrix product, the sparsity pattern of 

. 
Moreover, we observed that the values of 

contributions were lower for the farthest contributors, i.e. 
contributors that are retrieved after exploring a certain 
number of branches. Conversely, close contributors (i.e. 
retrieved in the first explored branches) bring greater 
contributions. Therefore, we propose to search the pedigree 
only on a limited number of k branches and to only use the 
contributors retrieved so far in the computation of the 
sparsity pattern of .  

As an example, the exploration order of branches 
is noted along them in roman fingers in Figure 1. If we 
decide to stop after 2 branches (k=2), then only animals 1 
and 9 (in orange) would be contributors of animal 12 (in 
blue). The  number of contributions to compute is reduced. 

Computation of contributions. The contribution 
vector of animal i is noted . This vector is the solution of 

where denotes the subpart of gathering 
relationships between the first i-1 animals and , the 
subpart of  gathering relationships of animal i with the 
first i-1 animals. Partitioning them following the expected 
values in  leads to:  

, 

where index u is for non-zeros (positions corresponding to 
contributors retrieved after searching k branches) and index 
v is for zeros (positions corresponding to other genotyped 
animals). As , the computation of the worth part of 

 ( ) is reduced to . These computations 
are independent for all animals and may thus be 
parallelized. 

 
Figure 1. Example of a genealogical tree. Squares and 
circles respectively denote genotyped and non-genotyped 
animals. 

Table 1. Actual inverse of the part of the additive 
relationship matrix ( ) for the genotyped animals in the 
example of Figure 1. 

 1 2 3 4 5 6 7 
1 1.07 0.01 -0.02 0.08 0.04 -0.01 -0.29 
2 0.01 1.36 -0.00 0.01 0.19 -0.73 -0.03 
3 -0.02 -0.00 1.07 -0.29 -0.01 0.00 0.08 
4 0.08 0.01 -0.29 1.15 0.04 -0.01 -0.31 
5 0.04  0.19 -0.01 0.04 1.11 -0.37 -0.16 
6 -0.01 -0.73 0.00 -0.01 -0.37 1.46 0.05 
7 -0.29 -0.03 0.08 -0.31 -0.16 0.05 1.17 

Values “0.00” are lower than 1E-2 but different from zero. 
 

Table 2. Approximated inverse of the part of the 
additive relationship matrix ( ) for the genotyped 
animals in the example of Figure 1 by restricting the 
number of branches to explore to 2 

 1 2 3 4 5 6 7 
1 1.07   0.07   -0.29 
2  1.36   0.18 -0.73  
3   1.07 -0.27    
4 0.07  -0.27 1.14   -0.29 
5  0.18   1.09 -0.36  
6  -0.73   -0.36 1.45  
7 -0.29   -0.29   1.14 

Blank cells denote zeros. 

Table 3. Reliabilities (REL) of EBV1 and EBV24 for 
simulated genotyped populations P1, P2, P3 and P4. 

Population REL(EBV1) REL(EBV2) 
P10 50.99% 50.66% 
P25 43.68% 43.41% 
P50 42.61% 42.35% 
P75 46.85% 46.60% 

Reliabilities are computed as the squared correlations between either EBV1 
or EBV24 and TBV of genotyped animals. 
 



As an example, the approximated inverses of 
computed after searching 2 branches is given in Table 2 and 
have a degree of sparsity of 57%, whereas the actual 
inverse (Table 1) is dense. 

Test protocol for approximation accuracy. We 
computed different approximations by searching the 
pedigree for only 1, 2, 3 or 4 branches. 

The obvious test to assess the accuracy of the 
approximation would be to compare the approximated 
inverse to the actual inverse. However, as mentioned 
before, the four simulated genotyped populations have 
dense : dense inversion of such sizes of matrices may 
be extremely demanding in terms of memory and time. 

The accuracy of the different approximations was 
therefore tested by assessing their impact on the 
computation of estimated breeding values (EBV) in a model 
equivalent to a simple animal model. 

True breeding values (TBV) are simulated for all 
animals in population by the method of Van Vleck (1994). 
One observation is then simulated for each genotyped 
animal. Then, using the following model: , 
an overall mean t and breeding values u are modeled for all 
animals in population, considering . 

Alongside, the approximated inverse of , noted , is 
computed and used in the equivalent model:

, in which breeding values u2 are 
modeled only for genotyped animals, considering 

 instead of . Tests were 

made using a genetic variance  equal to 0.30 and a 
phenotypic variance equal to 1. 

EBV of genotyped animals computed with the 
animal model (EBV1) are compared to EBV computed with 
the equivalent model using  (EBV2k, with k equal to 
the number of branches searched). Both sets of EBV are 
also compared to TBV of genotyped animals. The 
comparison criterions are the Spearman rank correlation 
between EBV1 and EBV2k, the variance of EBV1- EBV2k 
and the reliabilities of EBV1 and EBV2k computed as their 
squared correlation with TBV of genotyped animals. 

We run the tests on a computer with 12 Intel® 
Core i7 processors (RAM: 64 Gb, clock speed: 3.20GHz). 

 
RESULTS AND DISCUSSION 

Approximation accuracy. For any simulated 
genotyped population, the Spearman rank correlation 
between EBV1 and EBV2k was around 86% when k=1, 
around 95% when k=2, around 99% when k=3 and above 
99.60% when k=4. These results suggest that very few re-
rankings occur when substituting  by its approximation 
when k=4. Moreover, variances of the difference between 
EBV1 and EBV24 were always lower than 1.5E-3 (0.5% of 
the genetic variance) for all simulated populations, 
indicating that individual EBV were scarcely varying. The 
best argument for accurate approximations when k=4 may 
be the reliabilities of EBV1 and EBV24 (see Table 3). 

Sparsity degree. When k=1, only positions of a 
given animal and of its parents that are possibly known and 
genotyped enter the sparsity pattern of . The matrix is 
thus extremely sparse. For greater k (2, 3 or 4), the sparsity 
degree of the matrix drops dramatically: around 99.8% of 
zeros in  when k=2, between 92% and 95% when k=3 
and between 77% and 84% when k=4. Memory 
requirements follow the inverse trend: the peak of resident 
memory used was 29.5 Gb for the worst case (P75, k=4).  

Computing times. Computing  when k=4 
took approximately 22 seconds for P10, 8 minutes for P25, 
1 hour for P50 and 4 hours for P75. As the actual inverse 
was not computed, no time comparisons are allowed. 
However, these times are lower than those found in the 
literature for actual matrix inversion (e.g. in Aguilar et al. 
(2011)). 

Parallelization. Since every pedigree search and 
every computation of are independent, the approximation 
algorithm is convenient for parallel computation using 
OpenMP (www.openmp.org/). After parallel 
implementation of the serial version of the algorithm, all 
computations were run using 4 threads. Memory 
requirements increased up to 55 Gb for the worst case (P75, 
k=4). However, the speed-up was between 2.95 and 3.15, 
what means that the approximation of the inverse of an  
of order 75,000 took approximately 1 hour and 20 minutes. 

 
CONCLUSIONS 

A simple modification in the implementation of 
the SP algorithm enables to compute approximations of the 
inverse of : searching the pedigree for only the first 4 
branches for any genotyped animal seems to be enough to 
retrieve most of the dependencies between genotyped 
animals. These approximations have a little impact on the 
use of in a model equivalent to animal model and have 
a double advantage on actual inverses: they are sparse 
(around 80% of zeros) and they can be quickly computed 
(1h20 for an order of 75,000). 
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