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Summary

Mixed model equations (MME) were derived by maximum likelihood from the joint normal
probability distribution of the data and breeding values. As a result, MME are more actually
applicable than maximum likelihood, because we can prove that solutions of MME are
identical to BLUP of breeding values, as a result of which it does not require a normal
distribution. In the present study, the author shows the direct derivation of MME from BLUP
equations for breeding values without assuming the joint normal distribution of the data and
breeding values. This approach can be applied to restricted BLUP methodology.
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Introduction

　Henderson (1950) demonstrated the process of estimating breeding values based on

maximizing the log-joint density of the data and random effects; later, he considered the more
general problem of predicting linear functions of unknown fixed and random effects using
mixed model equations (MME) (Henderson, 1973). Henderson et al. (1959) proved that the
solutions of fixed effects in MME are identical to the solutions of generalized least squares.
Henderson (1963) also showed that the solutions of random effects in MME are identical to
solutions of BLUP equations. The objective of this study was to directly derive MME from
BLUP equations without assuming that the data and breeding values follow a joint density
function.

Theory

Derivation of BLUP of breeding values

　An additive genetic mixed model can be represented as follows:

(1)

where y is a vector of observations and b is an unknown vector of fixed effects, u and e are
unknown vectors of random and residual effects, respectively, X and Z are unknown
incidence matrices relating elements of b to y and u to y, respectively, and . In Model (1), the
distributions of y, u, and e are not assumed to be multivariate normal.
Henderson (1973) regarded the general problem with respect to Model (1) predicting a

linear function of the unknown b and u, i.e., , using a linear function of y. The predictor can
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be written as any vector p and scalar q as follows:

The BLUP of w, i.e., satisfies (i) a linear function of y, (ii) an unbiased predictor of w, i.e.,
, (iii) a minimum mean squares error, meaning that is minimized. The BLUP of w is

,

where is the generalized least-squares solutions for b, i.e.,

. (2)

Then BLUP of u, i.e., is

. (3)

If is estimable, is the best linear unbiased estimator of .

Derivation of MME using maximum likelihood

　Matrix V in (2) and (3) is often so large that its inversion is not computationally feasible.

An alternative method without the need for computing was suggested by Henderson (1950).
The prediction of w is , where and are any solution to (4):

. (4)

When u and e are normally joint-distributed, MME can be obtained by maximizing for
variations in b and u. The proofs that in (2) and in (3) are equal to and in (4), respectively
were given by Henderson (1959 and 1963, respectively). Therefore, MME are satisfied
without assuming joint normal distribution of y and u.

Results

For deriving MME without assuming any distribution, we first use the matrix inversion
lemma (the Sherman-Morrison-Woodbury identity) as follows:

,

where A, C, and BCD are nonsingular square matrix.
This proof is shown in the Appendix. The alternative derivation, leading to a generalized

expression, can be found in Tylavsky & Sohie (1986). Using this lemma,

(5)

Substituting (5) for (2)
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(6)

Now consider identities,

.

Multiplying by from the left side and from the right side, and adding to both sides, and then
using (5) gives

.

Then

.

Therefore,

.

Substituting these equations for (3)

.

Hence

. (7)

Therefore

. (8)

Substituting (7) for (6) gives

. (9)

Therefore, equations (8) and (9) are exactly the same as (4). This derivation of MME does not
need to assume any particular distribution of y and u.

Discussion

　Henderson (1963) showed that the BLUP of is where is any solution to . The difficulty

with this method is that V is often a matrix so large that its inversion is very costly. Before
that, Henderson (1950) derived MME by maximizing for variation in b and u using the joint
density function of y and u. Furthermore, Henderson (1959; 1963) proved that the solutions
of MME (4) are identical to the solutions of least-squares equations (3) and BLUP equations
(2).
The viewpoint of this study is to directly derive MME from BLUP equations algebraically

without assuming that y and u follow a joint density distribution. Although the author did not



Proceedings of the World Congress on Genetics Applied to Livestock Production, 11.272

show due to limitations of space, the derivation method in this study can be applied to
restricted BLUP methodology by Quaas & Henderson (1976).
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Appendix

Matrix inversion lemma:
If A, C, and BCD are nonsingular square matrix, then

.

Algebraic proof:
First consider these useful identities,

.

.

Now,

.

.


