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Summary

Modeling covariances based on genetic similarity between relatives has played an important role
in evolutionary and statistical genetics. Historically, genetic similarity has been quantified by the
probability that randomly chosen homologous genes between individuals are identical by descent
(IBD). At present, however, many genetic analyses rely on genomic data, where realized mea-
sures of genomic similarity replace IBD based expected similarity measures. Let X be an observed
matrix of centered genotype covariates. Then, the most widely used genomic similarity matrix
is proportional to: G = XX′, where this G appears naturally in the random-regression BLUP
(RRBLUP) model as follows. Let a = Xα denote genomic breeding values, where it is assumed
that α ∼ N(0, Iσ2

α). Then, Var(a|X, σ2
a) = Gσ2

α. More generally, conditional on a diagonal matrix
D, Var(a|X,D) = XDX′ = Gσ2

a, where G = 1
σ2
a
XDX′, and it is assumed that α|D ∼ N(0,D).

In RRBLUP, D = Iσ2
α, is known, except possibly for σ2

α. In the BayesA model, however, D is
unobserved, and independent χ−2(S2

A, νA) priors are used for Bayesian inference. Thus, the genetic
similarity matrix that is implicit in BayesA is unobserved, but inferences about this unobserved G
matrix can be made using the samples of D that are employed in a typical MCMC analysis. In
BayesC, the diagonals of D contain two values: 0 or σ2

c , the positions or the value of σ2
c are not

known. The prior probability that a diagonal is non-zero is 1− π, and a χ−2(S2
C , νC) prior is used

for the value of σ2
c . In BayesB, a priori a diagonal is zero with probability 1 − π, and non-null

values are assigned independent χ−2(S2
B, νB) priors. Again, inference about the G matrix implicit

to these models can be made from the MCMC samples of D. Note that when D is not observed,
the phenotypes contribute to the inference of genomic similarity, and thus, this G matrix will be
trait specific. Here, inference on G is illustrated for BayesC.

Introduction

Assessing genetic (or genomic) similarity among species or individuals is an important topic in
evolutionary and statistical genetics. Until recently, quantitative-trait analyses, which includes the
estimation of genetic variances and covariances, and the prediction of unobservable breeding values,
have relied on modeling covariances based on genetic similarity between relatives. Historically,
agricultural breeders have quantified genetic similarity by the probability that randomly chosen
homologous genes between individuals are identical by descent (IBD). These probabilities are then
used to form Sewall Wright’s numerator relationship matrix (A), which is proportional to the
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additive genetic covariance matrix. The calculation of these IBD probabilities are deterministic and
are based on the notion of some conceptual ancestral population from which descendants evolve in
the absence of selection and mutation, following some equilibrium laws.

The advent of massive genomic data, however, has made it possible to use realized measures of
genomic similarity for estimating parameters such as genomic variances (heritability) and covari-
ances (genomic correlations), or for predicting genome-derived breeding values (Nejati-Javaremi
et al., 1997; Visscher et al., 2006; VanRaden, 2008; Hayes et al., 2009). For example, a method
known as “genomic best linear unbiased prediction” (GBLUP) uses a genome-based similarity ma-
trix (the “genomic relationship matrix”, G) among individuals to predict genomic breeding values.
In GBLUP, some G replaces A, and the method has become the gold standard in dairy cattle
breeding (Garćıa-Ruiz et al., 2016; Wiggans et al., 2017).

The most widely used G (VanRaden, 2008) is computed from genotype scores for p observed
SNP loci in n individuals. Let X denote the observed matrix of centered genotype covariates. Then,
the G of VanRaden (2008) is proportional to: G = XX′. Under Hardy-Weinberg equilibrium and
in the absence of selection it can be shown that the expected value of G (after some normalization)
is A, the pedigree-based similarity matrix (Habier et al., 2007; Gianola et al., 2009). This, G,
however, implicitly weights all SNPs alike, does not make use of linkage disequilibrium (LD) rela-
tionships in the population and, importantly, ignores any information that phenotypes may convey
about genetic similarities. It is a central dogma of quantitative genetics that genetic similarity
generates covariance among relatives, so the phenotypic covariance should reflect similarities due
to allele sharing at QTL affecting a trait in question. Arguably, phenotypic similarity should also
inform about genetic (genomic) similarity. For instance, if different QTL affect different traits, it is
reasonable to conjecture that genetic similarities for feed consumption, say, may differ from genetic
similarities for resistance to ectoparasites.

Wang et al. (2017) noted that existing measures of kinship do not exploit information such as
order along a chromosome (linkage or LD), and addressed the problem of inferring G (viewed an as
estimand) using formal statistical methods such as the Day-Williams method (Day-Williams et al.,
2011). Using estimation theory is a step forward towards ascertaining molecular kinship, but Wang
et al. (2017) did not attempt to incorporate phenotypic information, perhaps because in many areas
(e.g., evolutionary biology) relevant phenotypes are not available. In the animal breeding literature,
however, phenotypic information has been incorporated into calculation of genomic similarity.

Zhang et al. (2010) used a two-stage approach to obtain a trait-specific genomic relationship
matrix. In the first stage, a Bayesian, multiple-regression method was used to obtain estimates of
substitution effects for the SNP loci, and in the second stage, weights computed from these estimates
were used to obtain the genomic relationship matrix as the weighted average of identity-by-state
matrices computed for each SNP locus. The actual weight for a locus was the estimated genetic
variance for that locus, which was obtained using estimates of the gene frequency and substitution
effect for that locus.

In another approach, the same weights used by Zhang et al. (2010) were used iteratively (Wang
et al., 2012). In each iteration, GBLUP was used to obtain estimates of genomic breeding values and
estimates of SNP effects were obtained indirectly using a selection index formula given in Strandén
& Garrick (2009). In the next iteration, the VanRaden et al. (2009) approach was used to compute a
weighted G matrix, where the contribution from each locus was weighted by the estimated variance
for that locus. An advantage of this approach is that when p > n, GBLUP is computationally
more efficient that Bayesian multiple-regression. It is not clear, however, if there is a theoretical
justification for using the estimated genetic variance for a locus as the weight for the contribution
from that locus to the genomic relationship matrix. Sun et al. (2012) presented a method that is
identical to that of Wang et al. (2012) except in the weights used to compute G. The weights used
by Sun et al. (2012) were such that their method is an EM algorithm (Dempster et al., 1977) that
converges in a few iterations to the joint posterior mode of SNP effects under the BayesA model of
Meuwissen et al. (2001).

The objective of this paper is to present a formal Bayesian method for inferring genomic similar-
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ities that uses both marker and phenotypic information. We begin with the observation that the G
of VanRaden (2008) appears naturally in the RRBLUP model, which is equivalent to the GBLUP
model, where it is assumed that the vector α of substitution effects is a-priori N(0, Iσ2

α). Then, the
vector a = Xα of breeding values has covariance matrix: Var(a|X, σ2

α) = Gσ2
α. More generally,

Var(a|X,D) = XDX′ (1)

= Gσ2
a,

where D is a diagonal matrix, which may not be observable, G = 1
σ2
a
XDX′, and σ2

a is the genetic

variance. In RRBLUP, D = Iσ2
α, where it is often assumed that σ2

α = σ2
a∑

i 2pi(1−pi)
, with pi being

the gene frequency at locus i. Thus, in RRBLUP (GBLUP) D is observed, and all loci contribute
equally to G. In BayesA, the diagonals of D are unobserved, and independent χ−2(S2

A, νA) priors
are used for Bayesian inference. In BayesC, the diagonals of D contain two values: 0 or σ2

c , the
positions or the value of σ2

c are not known. The prior probability that a diagonal is non-zero is
1 − π, and a χ−2(S2

C , νC) prior is used for the value of σ2
c . In BayesB, a priori a diagonal is zero

with probability 1− π, and non-null values are assigned independent χ−2(S2
B, νB) priors.

As described above, in the Bayesian alphabet models A, B and C, the matrix D, which weights
the contributions from the different loci to the genetic similarity matrix, is not observed. Thus, G,
the genetic similarity matrix implicit to these methods is also not observed. But, MCMC samples
of D that are typically obtained in these analyses can be used to obtain samples of G for inference.
Let Di denote sample i from the MCMC procedure. Then,

Gi = XDiX
′

are MCMC samples of G that can be used for inference of genomic similarities that are specific to
the trait being analyzed. For example, the posterior mean of G could be estimated as:

Ĝ = XD̂X′,

where D̂ is the posterior mean of D estimated from the MCMC samples.
The posterior and prior distributions of G can be compared to examine the extent to which the

phenotypes provide information on genomic similarity over and above the markers. The method is
illustrated here for BayesC using computer simulation.

Simulation

A genome consisting of 10 chromosomes each of length one Morgan and containing 2,000 SNP loci
was simulated using the Julia version of XSim (Cheng et al., 2015). Random mating was simulated
in a population of size 100 for 100 generations to generate LD between loci. Following this, the
population was expanded to size 500, 2,000, or 4,000 to generate training populations of increasing
size. One hundred loci were randomly sampled from across the genome to represent QTL, and
substitution effects for these were sampled from a standard Normal distribution. The phenotypic
values for the training population were simulated as

y = Qα + e,

where Q is the matrix of the simulated QTL genotypes and α is the vector with their simulated
substitution effects. The residuals in the vector e were sampled independently from a Normal
distribution with null mean and variance σ2

e chosen to generate a trait with heritability of 0.5.
The simulated SNP genotypes, including the QTL, and the phenotypes from the training popu-

lations were used in BayesCπ analyses, where the proportion π of loci with null substitution effects
is treated as an unknown with a uniform prior (Habier et al., 2010). The Julia package JWAS

3



(Cheng et al., 2016) was used to draw 60,000 Gibbs samples of the unknowns in the model for each
BayesCπ analysis, and every 20th sample of Di was saved for inference on genomic similarity.

Genomic similarity was computed for only the first 100 individuals from the training population.

Further, for simplicity we took σ2
c = σ2

a

kiH
, where ki is the number of loci with non-null effects, and

H is the average heterozygosity. The ”true” genomic similarity matrix for these individuals was
defined as

GQ =
QcQ

′
c

100H
,

where Qc is the matrix of centered QTL genotype scores for the 100 individuals at the 100 QTL,
and thus, GQ is proportional to the VanRaden (2008) G matrix computed from the QTL genotypes.
Further, for each of the 3,000 samples of Di, a genomic similarity matrix was computed from the
marker matrix of the 100 individuals as

Gi = XDiX
′.

The Frobenius distance between GQ and Gi was computed as

D =
√

tr(GQ −Gi)2,

for each of the samples of Di. Let D∗i denote a D sampled from the prior distribution. The genomic
similarity matrix, GD∗

i
was computed for each of 3,000 D∗i sampled from its prior distribution, and

the Frobenius distance between GQ and each of these GD∗
i

were also computed.

Results and Discussion

It is expected that the Frobenius distances between GQ and GDi
(the posterior Ds) would be shorter

than those between GQ and GD∗
i

(the prior Ds). Figure 1 shows complete overlap between posterior
and prior distributions for the Frobenius distance when the training data set size was 500. The
posterior distribution has a mean of 5.3 and a variance of 0.42, while the prior distribution has a
higher mean of 5.7 but a much lower variance of 0.02. In this case, the probability is quite high
that the Frobenius distance between GQ and GDi

can be greater than that between GQ and GD∗
i
.

However, as the size of the training data set increases the overlap between the posterior and prior
distributions disappears, and as expected, both the mean and variance of the posterior distribution
become smaller (Figures 2 and 3). In the limit, as n tends to infinity, GDi

will converge to GQ. Thus,
these simulation results indicate that for BayesC, when the training data set is of sufficient size,
the phenotypic data do provide useful information on the trait-specific genetic similarity between
individuals.

In BayesC, all the loci that enter into the model contribute equally to Gi because all the non-null
values in Di have the same value σ2

C . whereas in BayesB, the each non-null value in Di is different,
the actual value depending on the magnitude of the effect of the corresponding locus. Thus, in
BayesB, the loci that enter into the model will not contribute equally to Gi. In BayesA, all the loci
contribute to Gi, but unequally. The trait specific information that is expected to flow from the
phenotypic value through D to G may be limited because in BayesA there may be limited Bayesian
learning about the elements in D (Gianola et al., 2009).
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Figure 1: Distributions of the Frobenius distance to GQ from GDi (posterior) and GD∗
i
(prior) when training data

size is 500. The mean and variance are: 5.3 and 0.42 for the posterior, and 5.7 and 0.02 for the prior.

Figure 2: Distributions of the Frobenius distance to GQ from GDi
(posterior) and GD∗

i
(prior) when training data

size is 2000. The mean and variance are: 4.6 and 0.05 for the posterior, and 5.5 and 0.02 for the prior.
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Figure 3: Distributions of the Frobenius distance to GQ from GDi
(posterior) and GD∗

i
(prior) when training data

size is 4000. The mean and variance are: 3.9 and 0.01 for the posterior, and 5.7 and 0.02 for the prior.
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