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Summary

In the original single-step animal model, combining information from genotyped and
ungenotyped animals, the inverse genomic relationship matrix (GRM) is needed to set up the
mixed model equations, which limits its’ application in large-scale evaluations. Recently,
algorithms have been developed for computation of inverses of large-scale approximated
GRM. Still, as number of genotyped animals grows, setting up and solving the equation
system will be increasingly demanding. An alternative is to use a single-step marker-effects
model (ssMEM), but such models will be difficult to implement for highly dense genomic
data (e.g., up to full sequence). In this study, we therefore propose a reduced-dimension
single-step principal component ridge regression (ssPCRR) model. Dimension of the genomic
equation system will thus not depend on number of genotyped animals nor number of loci,
but rather on number of chosen principal components (PC). Furthermore, the inverse GRM is
no longer needed. For large populations of limited effective population size, number of PC
needed for close approximation of genomic data is typically much smaller (say a few
thousand) than both number of genotyped animals and number of loci. The ssPCRR model
can thus be used for large-scale genomic prediction yielding essentially identical results as a
single-step animal or ssMEM model, but at much smaller computational costs.
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Introduction
The single-step (ssGBLUP) model (Legarra et al., 2009, Christensen and Lund, 2010)
incorporates data from genotyped and ungenotyped animals into the genomic prediction. The
original ssGBLUP equation system involves the inverse GRM, and as number of genotyped
animals increases, direct inversion will become increasingly difficult and/or the GRM may
not be positive definite (e.g., if number of genotyped animals exceeds number of segregating
haplotypes). Ødegård et al. (EAAP, 2017) showed that the GRM can, with hardly any loss of
information, be computed and inverted using reduced-dimension approximation with
principal components (PC). Still, time to set up and solve the equation system will increase
with number of genotyped animals. Fernando et al. (2016) proposed a hybrid single-step
marker effects model (ssMEM), which uses observed genotypes (genotyped animals) and
expected genotypes (ungenotyped animals) for genomic prediction in addition to a imputation
residual (ungenotyped animals). In the latter model, the inverse GRM is not needed, but the
complexity of the equation system necessarily increases with number of loci (up to full
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sequence). Ødegård et al. (EAAP, 2017) found that a SNP-BLUP model can be replaced by
an equivalent principal component ridge regression (PCRR) model and approximated by a
reduced-dimension PCRR.

The aim of the study was to develop a reduced-dimension single-step PCRR (ssPCRR)
model for large-scale genomic evaluations. By fitting a reduced set of PC, rather than
individual animal or marker effects, the dimension of the “genomic” part of the equation
system will not depend on number of genotyped animals nor the number of loci, but is
defined by the number of PC needed to describe an appropriate fraction of the genomic
variation in the population. For large populations of limited effective population size (Ne), the
number of PC needed is typically (much) smaller than both number of animals and number of
loci, making fast computation feasible.

Materials and methods
The original ssGBLUP model (omitting fixed effects for simplicity) can be written as:

Model 1: (1)

where is a vector of additive genetic effects for genotyped and ungenotyped animals, and

are incidence matrices for genotyped and ungenotyped animals, and is a vector of random
residuals. Here, the inverse numerator relationship matrix is replaced by the inverse unified
relationship matrix . is the genomic relationship matrix, e.g., using VanRaden method 1: ,
with being a centered genotype matrix and , where is a vector of allele frequencies for the
different loci. The Henderson’s mixed model equations (HMME) are:

(2)

where .

The equation system can then be modified into an equivalent hybrid equation system,
combining principal components (genotyped animals) and additive genetic effects
(ungenotyped animals):

(4)

The model can be written as:

Model 2: (5)

where the principal component random regression coefficients are assumed , is the marker
variance (assuming VanRaden 1). The vector of individual single-step EBVs is: .

For large populations of limited Ne, reduced-rank approximation can be performed by
using the first few components, i.e., initial q columns in the score matrix T. Furthermore, the
score matrix may be approximated as: , where is the initial q columns of a V matrix obtained
from (chromosome-wise) SVD of a smaller core sample (subset of animals in ). By using a
smaller representative core sample for SVD, genomic data sets up to full sequence can be
effectively analysed through reduced-dimension models with minimum loss of information.
The chosen core sample should be representative of the population, in the sense that
essentially all genomic variants (haplotypes) segregating in the population also segregate
within the core sample. The method has been shown to be robust to selection of core sample,
both in terms of core size and which animals that are included (Ødegård et al., EAAP 2017).
Other single-step model utilizing cores, such as APY (Misztal, 2016) were found to be much
more sensitive in this respect.



By replacing T with C the equation system becomes:

Model 3: (6)

(7)

Here, the least important PC are ignored in genomic prediction (may be due to
genotyping errors or rare alleles), which has been shown to give no loss in accuracy in both
real and simulated datasets (Ødegård et al., EAAP 2017). Now, the upper (genomic) part of
the equation system has a dimension equal to number of chosen components (q), which is
likely (much) smaller than both number of genotyped animals and number of loci for large
populations of limited Ne.

In the ssMEM (Fernando et al., 2016), the expected genotypes of ungenotyped
individuals are computed as: , where is the matrix of observed genotypes (equal to X above),
while is the estimated genotype matrix for the ungenotyped animals. For large populations
(numerous genotyped and ungenotyped animals) with dense genomic data, the missing
genotypes are more demanding to estimate, and solving the ssMEM equations may be
challenging. An equivalent approach would be to compute the expected score matrix for the
ungenotyped animals, by solving (Fernando et al., 2016):

(8)

Here, is the score matrix for the genotyped animals (e.g., the matrix called C above),
and is the expected score matrix of ungenotyped animals. The columns of may be obtained
independently by parallel computing. For a large population of limited Ne, relatively few
components (say < 10 000) may be sufficient to capture essentially all genomic variation
(even up to full sequence). In contrast, the single-step ssMEM would require estimation of
expected genotype vectors for every single locus, despite the fact that many loci are expected
to be linearly dependent due to LD and co-segregation. The ssPCRR model now becomes:

Model 4: (9)
Here, , and the imputation residuals are (Fernando et al., 2016). The equation system

then simplifies to:
(10)

which is this a reduced-dimension PCRR approximation of the previously published ssMEM.
A large-scale simulation study was performed using QMSim (Sargolzaei and Schenkel,

2009), generating 20,000 genotyped animals (of 10% were randomly chosen as “core”) and
100,000 ungenotyped animals. The simulated genome had 30 chromosomes (30M in total)
and contained 24,259 SNP marker loci and 829 QTL. Model 4 was used to analyse the data,
and solutions were obtained by block-wise iteration in a Julia environment
(https://julialang.org/) on a multi-core Linux node (Intel Xeon E7-4870 2.40GHz). Number of
components were chosen such that at least 99% of genomic variation (in core animals) within
each chromosome was captured.

Results and discussion
The different models were initially tested using smaller sized simulated datasets. Given that
SVD is performed on all genotyped animals without rank reduction, all models are
equivalent, and thus yield identical EBVs, while reduced-rank approximations based on SVD
of core samples yielded nearly identical EBVs (r > 0.9999). For the large-scale simulation
study, SVD of the core and calculation of approximated scores for all (20,000) genotyped
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animals were performed in parallel for the different chromosomes, and concluded in a few
minutes. A total of 4710 components were chosen (157 per chromosome). Using Julia,
calculation of expected scores for all ungenotyped animals and setting up the ssPCRR mixed
model equations (120,000 animals) took ~4 minutes, and solving the equation system by
block iteration ~3 minutes. The accuracies of genotyped and ungenotyped animals were,
respectively, 0.902 and 0.786 for the ssPCRR model and 0.759 and 0.785 for a classical
pedigree-based model. The high accuracies for both models can be explained by the fact that
all animals had individual phenotypes.

In conclusion, an ssPCRR model can be used for fast and accurate genomic prediction
of very large data sets containing virtually any number of genotyped and ungenotyped
animals, as well as extremely dense genomic data, up to full sequence.
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